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Turbulent flow: multiscale
(here: hydrodyamics, no MHD)
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Characterize velocity field at particular scale
(filter out larger-scale advection): use velocity increments
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Velocity increment statistics:
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Mean: stationarity, homogeneity :
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Velocity increment statistics: Intermittency
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Small-scale intermittency

Analysis: Laurent Chevillard, Castaign,
Leveque & Arnéodo (preprint 2005)

Modane wind tunnel:
Kahalerras et al. (Phys
Fluids 1998)

Air jet : Ruiz
Chavarria et al.
(PRL 1986)
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Elongated tails in PDFs: effect of scale

Anomalous scaling (clustering and non-
trivial dependence on length-scale)

+

Elongated tails in PDFs

=

Wide body of literature, e.g.:

Anselmet et al., JFM 140, 1984
Kailasnath et al., PRL 68, 1992
Frisch, Turbulence, CUP 1995
Tabeling et al., PRE 53, 1995
Sreenivasan, Rev. Mod Phys. 71, 1999
Zeff et al. Nature 421, 2003
….
….

decreasing 
 !



Measured intermittency trends:

A. Longitudinal velocity is skewed:

10243 DNS
(Gotoh et al. 2002)

2563 DNS  
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Well-known Kolmogorov equation:



Measured intermittency trends:

B. Transverse velocity is more intermittent

10243 DNS
(Gotoh et al. 2002)

2563 DNS



Measured intermittency trends:

C. No intermittency in 2-D turbulence for velocity increments

DNS:

Bofetta et al. 
Phys. Rev. E, 2000

Paret & Tabeling, Phys. Fluids, 1998



Measured intermittency trends:

D. Intermittency in 2-D turbulence for vorticity increments

Paret & Tabeling, Phys. Rev. Lett., 1999



Measured intermittency trends:

E. Increased intermittency in 4-D turbulence for velocity increments

Suzuki et al., Phys. Fluids, 2005

DNS of 1284 turbulence



Measured intermittency trends:

F. Back to 3-D: Passive scalar transport:

Larger intermittency for scalar increments than for velocity increments
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e.g. Antonia et al. Phys. Rev. A 1984, and
Watanabe & Gotoh, NJP, 2004:



1-D Burgers equation:

 t
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Intense negative gradient occurs 
over smaller fraction of domain
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Trivial “intermittency” trend: 



1-D Burgers equation:

Gaussian i.c.

 t

From: Kraichnan PRL 65, 
1990 (mapping closure)
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Here is a “trivial” picture of origin of non-Gaussian tails and skewness: free particle motion.
What is the 3-D analogue of this? Problems: which direction? Multiple velocity components..

Intense negative gradient occurs 
over smaller fraction of domain
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Longitudinal

Transverse

See: Yi & Meneveau, Phys. Rev. Lett. 95, 
164502, Oct. 2005 

Velocity increments: Lagrangian evolution
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Rate of change of longitudinal velocity increment,
following the flow (both end-points in linearized flow):

Velocity increments: Lagrangian evolution
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Rate of change of longitudinal velocity increment,
following the flow (both end-points in linearized flow):

Velocity increments: Lagrangian evolution
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Rate of change of longitudinal velocity increment,
following the flow (both end-points in linearized flow):

Velocity increments: Lagrangian evolution

 

d

dt
!u =

d

dt

!A
ki
r
k

r
i

r

"

r

"
#$

%
&'
=
d !A

ki

dt

r
k
r
i

r

"

r
+ !A

ki

dr
k

dt

r
i

r

"

r
+ !A

ki

dr
i

dt

r
k

r

"

r
( 2 !A

ki

r
k
r
i

r
3

dr

dt
"

 

!u " !A
ki
r
k

r
i

r

"

r



 

dr
i

dt
=
! !u

i

!x
m

r
m
= !A

mi
r
m

 

d !Aij

dt
= !( !Aik

!Akj !
1

D
!Amk
!Akm" ij ) +Hij

 

Hmn =
!2

!xm!xk
p"kn # $ kn

SGS
+ 2% !Skn&' ()

*

+,
-

./

anisotropic

Rate of change of longitudinal velocity increment,
following the flow (both end-points in linearized flow):

Velocity increments: Lagrangian evolution
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Rate of change of longitudinal velocity increment,
following the flow (both end-points in linearized flow):

Velocity increments: Lagrangian evolution
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Rate of change of longitudinal velocity increment,
following the flow (both end-points in linearized flow):

Velocity increments: Lagrangian evolution
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Velocity increments: Lagrangian evolution
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From a similar derivation for δv:
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Velocity increments: Lagrangian evolution

From a similar derivation for δT, neglecting diffusion and SGS fluxes:
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Velocity increments: Lagrangian evolution

Set of equations:
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Comparison with DNS,
Lagrangian rate of change of velocity increments:

2563 DNS, filtered at 40η, Δ=40 η, evaluated δu,   
δv, and their Lagrangian rate of change of

velocity increments numerically
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Evolution from Gaussian initial conditions:

Initial condition:

δu = Gaussian zero mean, unit variance

!v = !v
1

2
+ !v

2

2

δvk = Gaussian zero mean, unit variance, k=1,2

 ! = 1set

δT = Gaussian zero mean, unit variance
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Numerical Results: PDFs in 3D
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Technical point #1:
Individual component θ is random,

uniformly distributed in [0, 2π)

Longitudinal velocity: skewness (A.) Transverse velocity: symmetric tails



Technical point #2: Alignment bias correction factor
(thanks to Greg Eyink for pointing out the need for a correction)

See: Yi & Meneveau, 
Phys. Rev. Lett. 95, 164502, 
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Numerical Results: PDFs in 2D
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2-D turbulence: velocity increments NOT intermittent (C.)
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Numerical Results: PDFs in 4D
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Phase portraits in (δu, δv) phase space:
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Vorticity in 2D
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Lagrangian map is applied at several spatial
scales, on filtered velocity fields obtained from
the originally random field

  Practical applications:
• Synthetic turbulence: Generation of initial and inlet turbulence with
   realistic non-Gaussian statistics (with Carlos Rosales):



 Multiscale Minimal Lagrangian Map (MMLM): 
•“Ballistic evolution” of fluid particles at all scales”
• Projection onto div-free field (in Fourier space)
• Spectral rescaling to E(k)

Vorticity contours 



 Multiscale Minimal Lagrangian Map (MMLM):
 
•“Ballistic evolution” of fluid particles at all scales”
• Projection onto div-free field (in Fourier space)
• Spectral rescaling to E(k)

Gaussian 3D field

Vorticity contours 

MMLM synthetic field (non-Gaussian)



We construct the velocity field 
M
û by the recursive

multiscale process 

with the operators



PDF of velocity increments

Thick line:  r/h = 1
Thin lines:  r/h = 2, 4, 8, 16, 32, 64  in the direction of the arrow



PDFs of cosines between ω and eigenvectors {e(1), e(2) , e(3)}

(eigenvectors of S ordered according to λ1 <  λ2 <  λ3)

e(1) e(2) e(3)



Synthetic field DNS (Yi Li)

                            Experimental measurements
(van der Bos, Tao, Meneveau and Katz, 2002)



Tests in DNS of Decaying Turbulence
 standard pesudo-spectral method, AB2 time integration (and exact integration of viscous
  term), CFL ≤ 0.1 (Δt adjusted with RK2).

Time evolution of kinetic energy.
Starting from the non-Gaussian MMLM field
Starting from the Gaussian field



Conclusions:

• We have found a higher-dimensional variant of the Burgers’ 1-D
   gradient-steepening equation:

d

dt
!u = "!u

2

•Intermittency caused by self-stretching of larger scales, no need for exotic

  mechanisms…

• Quantitative predictions - stationary PDFs as function of scale:

  need to take into account the effects of neglected terms: pressure

  Hessian, subgrid force gradients, viscous force gradients.

  Preliminary  analysis of DNS shows these effects are highly “non-trivial”…

• MHD (but passive vector field): Velocity increments parallel and transverse to B:
  same eqs as δu and δv
• δB equation: so far we have not found “simple” expressions due to more

  complex nature of equation for grad(B).

• Yi & Meneveau,
Phys. Rev. Lett. 95,
164502, Oct. 2005
• Yi & Meneveau
JFM 558, p. 133 (2006)
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