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Turbulent flow: multiscale
(here: hydrodyamics, no MHD)

Characterize velocity field at particular scale
(filter out larger-scale advection): use velocity increments

ou(f)y=u,(x+rle,)—u, (x)
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Velocity increment statistics:

Su(f)=u,(x+ le,)—u, (x)
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for x
Mean: stationarity, homogeneity :  {(Su(/))=0

Variance: Kolmogorov 1941 <5u(g)2> = C282/3€2/3



Velocity increment statistics: Intermittency

Su(f)=u,(x+ le,)—u, (x)
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Elongated tails in @

Small-scale intermittency = +

Anomalous scaling (clustering and non-
trivial dependence on length-scale)

Elongated tails in PDFs: effect of scale

[ |
Air jet : Ruiz Modane wind tunnel:
Chavarria et al. Kahalerras et al. (Phys
(PRL 1986) Fluids 1998)
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Measured intermittency trends:

A. Longitudinal velocity is skewed: Well-known Kolmogorov equation:

(Su(t)’) = —%eé
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10243 DNS
(Gotoh et al. 2002)

Trans

5 P(8ur)
3

107 +
107" +
15} 1 107 |

L L L L L 10—10 (
-10 -5 0 5 10 40 30 =20 -

FIG. 15. Variation of the du, PDF with r for R, =381. From the outermost
curve, r,/p=2""'dx/p=238x2""", n=1...10, where dx=2m/1024.
The inertial range corresponds to n=6, 7, 8. Dotted line: Gaussian.



Measured intermittency trends:

B. Transverse velocity is more intermittent

2563 DNS

10243 DNS
(Gotoh et al. 2002)
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FIG. 15. Variation of the du, PDF with » for R, =381. From the outermost
curve, r,/p=2""'dx/np=238%2"""' n=1...10, where dx=2m/1024.
The inertial range corresponds to n=6. 7, 8. Dotted line: Gaussian.
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FIG. 16. Variation of PDF for dv, with r at Ry =381. The classification of
curves is the same as in Fig. 17.



Measured intermittency trends:

C. No intermittency in 2-D turbulence for velocity increments
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J. Paret and P. Tabeling
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FIG. 1. The experimental set-up.
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FIG. 12. Rescaled PDF of longitudinal velocity increments for 7 different
separations in the inertial range. s = dv/(5v?)""%. FIG. 15. Rescaled PDF of transverse velocity increments for 7 different

separations in the inertial range. s= dv/{ sv?)"%.

Paret & Tabeling, Phys. Fluids, 1998
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FIG. 6. Left: symmetric part of the longitudinal velocity differ-
ence PDF. Right: PDF of transverse velocity differences. The forc-
ing is restricted to a band of wave numbers. Gaussian distributions
are shown as solid lines.



Measured intermittency trends:
D. Intermittency in 2-D turbulence for vorticity increments

J. Paret and P. Tabeling 3127
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FIG. 5. Normalized distributions of vorticity increments, for
FIG. 1. The experimental set-up. five separations of »: 2, 3,5,7, and 9 cm.

Paret & Tabeling, Phys. Rev. Lett., 1999



Measured intermittency trends:

E. Increased intermittency in 4-D turbulence for velocity increments

081702-4 Suzuki et al.
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FIG. 6. The PDF of the longitudinal velocity differences u, for run C and
run F, where the abscissa is normalized in terms of the corresponding stan-
dard deviation.



Measured intermittency trends:
F. Back to 3-D: Passive scalar transport: 07 ({)=T(x+ le,)—T(x)

Larger intermittency for scalar increments than for velocity increments

e.g. Antonia et al. Phys. Rev. A 1984, and
Watanabe & Gotoh, NJP, 2004:
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Trivial “intermittency” trend:

u(x,t)
t
/\Il\//\ — /\k//\\" ,X

<>
Intense negative gradient occurs

over smaller fraction of domain

1-D Burgers equation:
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Intense negative gradient occurs
over smaller fraction of domain

1-D Burgers equation:

2
a u au u 10F 1r : -
—tu—=V . From: Kraichnan PRL 65,
at ax ax [ 1990 (mapping closure)
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Here is a “trivial” picture of origin of non-Gaussian tails and skewness: free particle motion.
What is the 3-D analogue of this? Problems: which direction? Multiple velocity components..



Velocity increments: Lagrangian evolution

Uu(X+r)—u(x)= klrk +0(r°)
u(x+r)

d(x) e - Ol
displacement i =
Bx j

14
r(r)
~ 1/

Longitudinal ou=A ki l

Su(t)=A@t) :(F(OE@)) (= A (

iy / ?
Transverse 5 |:( ) Ak i 8 :|
7‘ r

See: Yi & Meneveau, Phys. Rev. Lett. 95,
164502, Oct. 2005




Velocity increments: Lagrangian evolution

~ 1/
l
rr

ou

Rate of change of longitudinal velocity increment,
following the flow (both end-points in linearized flow):

d ~ :
—Ou = i(Akirkig)
dt dt rr



Velocity increments: Lagrangian evolution
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ou

Rate of change of longitudinal velocity increment,
following the flow (both end-points in linearized flow):
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Velocity increments: Lagrangian evolution

~ 1/
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rr

ou

Rate of change of longitudinal velocity increment,
following the flow (both end-points in linearized flow):

82 anisotropic
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Velocity increments: Lagrangian evolution

Rate of change of longitudinal velocity increment,
following the flow (both end-points in linearized flow):

d ~ -~ . o~ (o~ . 14 V4 ~ Y4
—514 = _(AkmAlm o %APCIACIP5ki) s — AkiAmkr 1_ + AktAlmrm r__ o 2A }: rm tA ml + Hmn I o
dt ror rr rr I ror




Velocity increments: Lagrangian evolution

2
~ r. 4 rr. \~ /
Agh,—— ov’* = K i _;jAkjrk _}

rr

ou

Rate of change of longitudinal velocity increment,
following the flow (both end-points in linearized flow):
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Velocity increments: Lagrangian evolution

2
~ r. 4 rr. \~ /
ou= A —— ov’ = K i _;jAkjrk _}

rr

Rate of change of longitudinal velocity increment,
following the flow (both end-points in linearized flow):

d
—Oou =
dt
d - ~ rr. b~ « r, 4 rt
—Su=—(A, A —LA A5 )E-+AA r——+AAr———2A
dt (km mi D ““pq qpkl)rr ki “mk" m rr ki mzmrr
d i g 1 7 r, E 21 1 % rmrn
E5u=|:( lj_r_zj)AkJrk;:| _(Akz k;;) z % quqpf'l'Hmn r2 V4
d 1 / 1 r r a 2 ant VOtl’OplC
~ o~ ; _ _.SGS S
—5u:—(5v2—5u2)+—A A (+H, -0 Hm"_(axmaxk[pék" Fo +2vs""]j



Velocity increments: Lagrangian evolution

J & o —6uls —1n|]
1 1 ~ -~ VT, SR R QU Y
—5u=—(5v2—5u2)+—A A V/+H 2Ly 1
dt f D prqg 4qp mn 7"2
! 0]
Tensor invariant (Q) f=Fxé '
Write A in frame formed by:
A A, A ou Ov 0
A A A = ?7 ? ? —
er ee en /g
A A —(A+E)D| |7 2 —@Bu+?)
ou oOv 0 ou Ov 0 | | |
AA =7 7 ? 79 ? z=(5uz +[Su + 77 +?+...)z=25u22+?+...

27 —u+D||? ? —u+?

82 anisotropic

ox, ox,
2
and ? =0 i5u=—(1——j5u2+5v2
dt D



Velocity increments: Lagrangian evolution

From a similar derivation for ov:

15\/ = —25u5v
dt 4

From a similar derivation for 67, neglecting diffusion and SGS fluxes:

4 st = _Loust
dt 14

In 2D, vorticity is passive scalar, so for 2D:

4 s0. =~ 5u50,
dt 14



Velocity increments: Lagrangian evolution

Set of equations:

ngz =—0udw. (only for D=2)

"Advected delta-vee system”

dz 5
2o,
dt

( d 2 2
_6u = —(1——)51/!2 +6V2 D = o (BurgerS)
di D '
d 7= ou + i5v,
—O0v ==20udv y
dt
Z i5T = —6M5T
dt
d



Comparison with DNS,
Lagrangian rate of change of velocity increments:

2563 DNS, filtered at 40mn, A=40 n, evaluated du, (d I, 5\ 1
dv, and their Lagrangian rate of change of 56” = _55” +ov” |- p=0.1
velocity increments numerically
\hj I
2
o] i =
2 p=0.61
o
£
(b)
' 5 10



Evolution from Gaussian initial conditions:

Initial condition:

ou = Gaussian zero mean, unit variance

ov, = Gaussian zero mean, unit variance, k=1,2

OV = \/5\/12 +6v;

o1 = Gaussian zero mean, unit variance

set /=1



Numerical Results: PDFs in 3D

. Longitudinal velocity: skewness (A.) . Transverse velocity: symmetric tails
10 I I I I I I I 10 I I I I I I I

-6
= 10
d 2
E&t - _(1 B B)&‘z +6v° ( d 1 Technical point #1:
p el 614 R 5%2 + 6\/2 Individual component 8 is random,
—Ov =-26udv uniformly distributed in [0, 27)
: D=3 Ja™73
%5T = —SudT d 5VC = |5V| cos@
_6\/ = —251/£5V P<(Sv ):%T G
v ¢ 2 2
%5‘01 =—6udw. (only for D=2) L ! 8v.| OV — OV




Technical point #2: Alignment bias correction factor
(thanks to Greg Eyink for pointing out the need for a correction)

r(0), [r0)=1¢ r(z)

D
dQ /
0°dQ, = r(t)° dQAt) 2 [—j

dQ), r(t)
dr r
—=ou(r,t)=0u-| - _
dt 14 See: Yi & Meneveau,
d Phys. Rev. Lett. 95, 164502,

—In(r/0)=0ul’
dt

dQ(1)
dQ,

—expl-Dr [lbuanar)  P— PO

0

Can be evaluated from advected delta-vee system



Numerical Results: PDFs in 2D

2-D turbulence: velocity increments NOT intermittent (C.)
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Numerical Results: PDFs in 4D

. 4D Turbulence: velocity increments MORE intgrmittent than in 3D (E.)
10 I I I I I I I 10 I I I I I I I
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Phase portraits in (ou, ov) phase space:

i&t = _(l_gj&f + ov*
dt D

i&/ = —-20udv
L dt

Invariant:

D
D+?2

U= (5142 + 5\/2)5\/2“}1

“For small initial ov (particles
moving directly towards
each other), gradient can
become arbitrarily large at
later times”

| (a)

»

| (b)

Cross-amplification
Intermittency in 6v
—>

6 -4 -2 0

<4—— du
Self-amplification:
Skewness in du




Passive scalar

d
Eswz =—0udw. (only for D=2)

dt

st
| dt

Solid lines: 0T
Dashed lines: 5VC

( 1
1614 = —551/!2 + 5\/2

151/ = —-20udv
dt

—ouoT

0
o7, ov,

Scalar increments
MORE intermittent than
transverse velocity (F.),
after initial transient



Vorticity in 2D Recall: velocity in 2D

10°

. Vorticity in 2D is intermittent (D.)
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i5v = -20udv
dt

4 sw. = —Suda.
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Practical applications:

e Synthetic turbulence: Generation of initial and inlet turbulence with
realistic non-Gaussian statistics (with Carlos Rosales):

Lagrangian map is applied at several spatial b

scales, on filtered velocity fields obtained from
the originally random field R
|
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Multiscale Minimal Lagrangian Map (MMLM):
«“Ballistic evolution” of fluid particles at all scales”
* Projection onto div-free field (in Fourier space)
» Spectral rescaling to E(k)



Multiscale Minimal Lagrangian Map (MMLM):

«“Ballistic evolution” of fluid particles at all scales”
* Projection onto div-free field (in Fourier space)
» Spectral rescaling to E(k)

————— | \/orticity contours

Gaussian 3D field MMLM synthetic field (non-Gaussian)



We construct the velocity field U 1 by the recursive

multiscale process ”
u, =S(T(u,1)) ; n=1,

with the operators

|l'u (avl )—xn | <R

( Z W (X'Il‘ s Iy (an ) ) f_l {(’ n ﬁn-—l } (a‘"- ) \

T(ﬁ.,,__l) e P : f<

Z W (Xn. Iy (a" ) )

|rn (an ) —Xn | <R




PDF of velocity increments
6||uu (r) = ua(x+ Tb(a)) — Un(X)

01U (1) = Un(X + -rb(ﬁ)) —us(Xx); 0 # «

Thick line: r/h=1
Thin lines: r/h=2,4,8,16,32,64 in the direction of the arrow
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PDFs of cosines between ® and eigenvectors {e(!), e , ¢}

(eigenvectors of S ordered according to 4,< 4,< 4;)
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Synthetic field DNS (YiLi) +

: —
Experimental measurements

(van der Bos, Tao, Meneveau and Katz, 2002)




Tests in DNS of Decaying Turbulence

= standard pesudo-spectral method, AB2 time integration (and exact integration of viscous
term), CFL < 0.1 (Ar adjusted with RK2).
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Conclusions:

e We have found a higher-dimensional variant of the Burgers’ 1-D
gradient-steepening equation:

i&t = —(1 — 2]61/!2 +6v? ¢ Yi & Meneveau,
dt D Phys. Rev. Lett. 95, | i
dsic s .y lds s 164502, Oct. 2005 ; W | W |
dt dt * Yi & Meneveau | |
JFM 558, p. 133 (2006)

15T = —oudT
dt

eIntermittency caused by self-stretching of larger scales, no need for exotic
mechanisms...

e Quantitative predictions - stationary PDFs as function of scale:
need to take into account the effects of neglected terms: pressure
Hessian, subgrid force gradients, viscous force gradients.
Preliminary analysis of DNS shows these effects are highly “non-trivia

e MHD (but passive vector field): Velocity increments parallel and transverse to B:
same eqgs as ou and ov

* OB equation: so far we have not found “simple” expressions due to more

III

complex nature of equation for grad(B).



