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1.1 Background

We want to find the state of a dynamical system using: [1] an imperfect

Model and [2] a set of sparse, noisy Observations

Bayes Rule:

? (x: |y: ,Y:−1) =
? (x: |x:−1 ,Y:−1) · ? (y: |x: ,Y:−1)

? (y: |Y:−1)
(1)

- ? (x: |x:−1 ,Y:−1){ Prior
- ? (y: |x: ,Y:−1){ Likelihood
- ? (x: |y: ,Y:−1){ Posterior
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1.2 The Prior Distribution ? (x: |Y:−1)

# Assumed normal ∼N

(
x 5
:
, P 5

:

)
; approximated using an EnKF

P 5

:
=

1
# − 1

#∑
8=1

(
x 5 ,8
:
− x 5

:

) (
x 5 ,8
:
− x 5

:

))
(2)

# Most EnKF errors are associated with the background covariance
◦ Sampling errors{ variance underestimation
◦ Model biases{ ensemble collapse
◦ Rank deficiency

# (For now) we can’t afford large ensembles and generally we can’t
do much about model biases

# Others known errors:
nonGaussianity, nonlinearity, regression errors, ...
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1.3 What can be done?

Holy Covariance: lim
#→∞

P4 ≈ B
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2. Localization: removes spurious correlations, increases the rank P 5 = � ◦ P4

3. Hybridization: P 5 = 
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)B
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2.1 Hybrid EnKF-OI: Terminologies

# OI: Optimal Interpolation (essentially a KF with a prescribed invariant P 5 )
# Often referred to as EnKF-3DVar
# Initial effort by Hamill and Snyder (2000)

What’s the idea?
Use a background covariance in the EnKF that is an “average"
(weighted sum) of a flow-dependent background error covariance es-
timated from an ensemble and a predefined static covariance from a
3DVar or an OI system

# Many different hybrid forms in the literature:

⊲ 4DEnVar: 4DVar with background covariance from an ensemble
⊲ En4DVar: Use an ensemble to approximate adjoint
⊲ hybrid 4(3)DVar: Var methods using a combination of climatological and

ensemble covariances (e.g., 
-control method in GSI)
⊲ EnVar: Term used for any of the previous hybrid forms
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2.2 Hybrid EnKF-OI: in action

P 5 = 
P4 + (1 − 
)B
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2.3 How to construct B

# Available from 3DVar systems (e.g., NMC method)

# Often formed from a large inventory of historical forecasts
sampled over large windows (practical choice)

# Spectral decomposition is desirable

B = SΩS) = ŜŜ) , (3)

where Ŝ = SΩ 1
2 .

# Succession of transform operators, B = B1/2B)/2

B1/2 = U?SUEUℎ (4)

# Storage issue: B is of size (#G × #G); #G is the state dimension
◦ Do we need to store the entire B matrix? May only need access to

the historical (climatology) realizations
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where Ŝ = SΩ 1
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2.4 Hybrid EnKF-OI: Adaptive Form

How to choose 
?

# The ensemble statistics should satisfy (Desroziers et al., 2005):

E
[
dd)

]
= R +HP 5 H) , (5)

where d = y> −Hx 5 . Substitute the hybrid covariance form in eq. (5):

E
[
dd)

]
= R + 
HP4H) + (1 − 
)HBH) , 0 ≤ 
 ≤ 1 (6)

⊲ Assume 
 to be a random variable
⊲ Start with a prior distribution for 
: ?(
) ∼N,B, ..
⊲ Use the data to construct a likelihood function: ?(d|
)
⊲ Use Bayes’ rule to find an updated estimate of 
:

?(
 |d) ≈ ?(
) · ?(d|
) (7)

⊲ Posterior 
 can be used as the prior for the next DA cycle
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2.4 Hybrid EnKF-OI: Adaptive Form cont.

switch Prior

case ‘Gaussian’

?(
) =N

(

 5 , �
 5

)
≡ 1√

2��2

 5

exp

[
−

(

 − 
 5

)2

2�2

 5

]
case ‘Beta’

?(
) = B(�, �) ≡ 
�−1(1 − 
)�−1 Γ(� + �)
Γ(�)Γ(�)

end

Likelihood:

�(
) = trace(R) + 
trace
(
HP4H)

)
+ (1 − 
)trace

(
HBH)

)
?(d|
) =

1√
2��(
)

exp
[
− d)d

2�(
)

]
Posterior: ?(
 |d) is either near Gaussian or near Beta
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2.5 Hybrid EnKF-OI: Illustration
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Large bias causes 
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2.6 Hybrid EnKF-OI: Implementation

# Estimate moments of the hybrid weight pdf at each assimilation
cycle using the data:
◦ Maximizing the posterior requires finding cubic polynomial roots
◦ Similar algorithm to existing adaptive inflation schemes

# DART implementation available

# Can assume the hybrid weight to be spatially-varying
◦ Biases are not homogenous in space
◦ Heterogenous observation networks (densely observed regions

tend to have small ensemble spread)
◦ Need to assimilate the observations serially
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3.1 Experiments using L96
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# L96: 40 variables
# Observe every other variable (R = 1)

# Observe every 5 time steps

# B Climatological run (1000)

# ?(
) ∼N(0.5, 0.1)
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3.2 Sensitivity Tests: Ensemble Size
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3.3 Sensitivity Tests: Observation Network
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Sensitivity Tests: Model Errors + Inflation
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Sensitivity Tests: Model Errors + Localization
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4.1 Concluding Remarks

# Prior (background) ensemble covariancemust be enhanced
# On top of inflation and localization, hybridizing P4 with stationary OI-based

background covariances can be helpful and perhaps crucial
# The adaptive scheme uses available data through Bayes rule to determine the

relative weighting between the ensemble and the static covariance
# Lorenz-96 experiments show promising performance

EnKF Adaptive Hybrid EnKF-OI

– Only flow-dependent covariance – OI flavor & flow-dependent information
– Requires a large ensemble size – Works well with fairly small ensembles
– Fair computational cost – Storage, additional IO cost
– Strong tuning (inf, loc, ..) – Fully adaptive, requires less inf, loc, ..
– Strong biases cause divergence – More stable; able to switch to EnOI

El Gharamti, M. (2021). Hybrid Ensemble-Variational Filter: A Spatially and Temporally

Varying Adaptive Algorithm to Estimate Relative Weighting. Monthly Weather Review,

149(1), 65-76.
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