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Motivation and Background

(from: Pandya & Durran (1996))
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Moist Aero-Thermodynamics

Mass, momentum, energy balances

ρt + ∇|| · (ρu) + (ρw)z = 0

ut + u · ∇||u + wuz +
1

RoB

(Ω × v)|| +
1

M2

1

ρ
∇||p = Du

wt + u · ∇||w + wwz +
1

RoB

(Ω × v)⊥ +
1

M2

1

ρ
pz = Dw − 1

Fr
2

θt + u · ∇||θ + wθz = Dθ + Sθ

Moisture balances
qv,t + u · ∇||qv + wqv,z = (Cev − Cd) + Dqv

qc,t + u · ∇||qc + wqc,z = (Cd − Cac − Ccr) + Dqc

qr,t + u · ∇||qr + wqr,z + 1
ρ(ρqrVT)z = (Cac + Ccr − Cev) + Dqr .

ρθ = p
1
γ Sθ =

γ − 1

γ

θ

p
L∗ (Cd − Cev) .



Moist Aero-Thermodynamics

qvs =
q∗

vs

p
exp

(
A∗ T − T ∗

0

T ∗
1 + (T − T ∗

0 )

)

T (θ, p) = θ p
γ−1

γ .

Cd = C∗
d (qv − qvs) H(qc)(qc + qc

∗
n)

Cev = C∗
ev

p

ρ
(qvs − qv) H(qr)q

1/2
r

Ccr = C∗
cr qcqr

Cac = C∗
ac max

(
0, qc − q∗

c

)
Distinguished Limits

q∗
vs = 0.021 = ε2 q∗∗vs , A∗, L∗ = (16, 30) =

1

ε
(A∗∗, L∗∗) , T ∗

0 = 1 , . . .



Moist Aero-Thermodynamics

Multilayer Difficulty

qvs = ε2 q∗∗vs

p
exp

(
A∗∗

ε

T − 1

1 + (T − 1) − εT ∗∗
1

(1)

)
, T = θ p

γ−1
γ

Newtonian Limit∗

γ − 1

γ
= ε Γ ⇒ T = θ

(
1 + ε Γ ln p + O(ε2)

)
Weak stratification∗∗

θ = 1 + ε2 Θ2(z) + O(ε3)

⇓

qvs = ε2 q∗∗vs exp
(
− [A∗∗Γ − 1] z

)
(1 + O(ε)) .

∗ I. Newton (long ago), Crighton (2000), Lipps, Hemler (1982), Bannon (1995) ∗∗ Majda, Klein (2003)



Moist Aero-Thermodynamics

(qv, qc, qr) = ε2 (q̂v, q̂c, q̂r)

q̂v ,t + u · ∇||q̂v + w q̂v ,z = − 1

εn
Ĉd + Ĉev + Dq̂v

q̂c ,t + u · ∇||q̂c + w q̂c ,z = +
1

εn
Ĉd −

1

ε
Ĉcr − Ĉac + Dq̂c

q̂r ,t + u · ∇||q̂r + w q̂r ,z + 1
ρ(V̂Tρq̂r)z =

1

ε
Ĉcr − Ĉev + Ĉac + Dq̂r

Ĉd = C∗∗
d (q̂v − q̂vs) H(q̂c)(q̂c + εqc

∗∗
n )

Ĉev = C∗∗
ev (q̂vs − q̂v) H(q̂r)q̂

1
2
r

Ĉcr = C∗∗
cr q̂cq̂r

Ĉac = C∗∗
ac max (0, q̂c − ε q∗∗c ) .

Ŝθ = ε2 ΓL∗∗ θ

p

[
1

εn
Ĉd − Ĉev

]
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Mesoscale–Subsynoptic interactions

U(x, z, t; ε) =
∑

i

εi U(i)(x, ξ, z, t),

ξ = εx

x =
x′

10 km



Mesoscale–Convective interactions

Mesoscale dynamics

ut + ∇ξ π′ = −∂z

(
S ′′

θ u

dΘ2/dz

)
,

θ′t + w′dΘ2

dz
= S ′

θ ,

∂zπ
′ = θ′ ,

ρ0∇ξ · u + ∂z

(
ρ0w′

)
= 0 .

Convective scale dynamics

Anelastic∗ for near-moist adiabatic stratification

WTG otherwise
⇒ S ′′

θ

∗ essentially



Meso-convective interactions

Sublinear growth conditions

Mass:
∇x · (ρu)(0) + (ρw)(0)

z = 0

∇x · (ρu)(1) + (ρw)(1)
z = −∇ξ · (ρu)(0)

Horizontal momentum:

∇xp(0) = 0

∇xp(j+1) + ∇ξp
(j) = 0 (j ∈ {0, 1, 2})

(ρu)
(0)
t + ∇x · (ρu ◦ u)(0) + (ρwu)(0)

z + ∇xp(4) + ∇ξp
(3) = D(0)

ρu .

Vertical momentum:

∂zp
(j) = −ρ(j) (j ∈ {0, 1, 2, 3})



Meso-convective interactions

Sublinear growth conditions

Potential temperature:

θ = 1 + ε2Θ2(z) + ε3Θ(3)(ξ, z, t) + ε3θ(4)(x, ξ, z, t) . . . .

S
(0)
θ = 0 ,

S
(1)
θ = 0 ,

w(0)dΘ2

dz
= S

(2)
θ ,

θ
(3)
t + w(0)θ(3)

z + w(1)dΘ2

dz
= S

(3)
θ ,



Meso-convective interactions

Mesoscale wave dynamics

ut + ∇ξ π(3) = −∂z (wu) ,

Θ
(3)
t + w(1)dΘ2

dz
= S

(3)
θ ,

∂zπ
(3) = Θ(3) ,

ρ0∇ξ · u + ∂z

(
ρ0w

(1)
)

= 0 .

where

π(3) =
p(3)

ρ0(z)



Meso-convective interactions

Moisture transport
Water vapor:

Cd
(i) = 0 (i = −(n + 2), ..., 1)

q(2)
v t + u(0) · ∇xq(2)

v + w(0)q(2)
v z = −Cd

(2) + Cev
(2) .

q(3)
v t + u(0) · ∇xq(3)

v + u(1) · ∇xq(2)
v + w(0)q(3)

v z + w(1)q(2)
v z = −Cd

(3) + Cev
(3) .

Cloud water:

C(1)
cr = C∗∗

cr q(2)
c q(2)

r = 0 ,

q(2)
c t + u(0) · ∇xq(2)

c + w(0)q(2)
c z = Cd

(2) − C
(2)
cr .

Rain water:

q(2)
r t + u(0) · ∇xq(2)

r + w(0)q(2)
r z +

1

ρ0

(
ρ0VTq(2)

r

)
z

= C
(2)
cr − Cev

(2) .



Meso-convective interactions

Nonlinear control of convective motions

Recall that
w(0)dΘ2

dz
= S

(2)
θ

θ
(3)
t + w(0)θ(3)

z + w(1)dΘ2

dz
= S

(3)
θ

Source terms

S
(2)
θ =

ΓL∗∗

p0(z)

(
−H≥(qv − qvs)w

(0)dq
(2)
vs

dz
+ H>(qvs − qv) Cev

(2)

)

S
(3)
θ =

ΓL∗∗

p0(z)

(
−H≥(qv − qvs)

(
w(0)dq

(3)
vs

dz
+ w(1)dq

(2)
vs

dz

)
+ H>(qvs − qv) Cev

(3)

)
+ Ŝ

(3)
θ



Meso-convective interactions

Nonlinear control of convective motions / undersaturated

Strongly undersaturated Air (q(2)
vs − q

(2)
v > 0)

w(0) = − ΓL∗∗C∗∗
ev

(p0dΘ2/dz)(z)

(
q(2)
vs (z) − q(2)

v

)
q(2)
r

1
2 for q(2)

v < q(2)
vs (z) .

Weakly undersaturated Air (q(2)
vs (z) − q

(2)
v ≡ 0 but q

(3)
vs (z) − q

(3)
v > 0)

w(0) = 0

w(1) =

(
−ΓL∗∗C∗∗

ev

p0

(
q(3)
vs (z) − q(3)

v

)
q(2)
r

1
2 +

(
Ŝ

(3)
θ − θ

(3)
t

)) (
dΘ2

dz

)−1

.



Meso-convective interactions

Nonlinear control of convective motions / saturated

w(0)dΘ2

dz
= −w(0) ΓL∗∗

p0(z)

dq
(2)
vs

dz

dΘ2

dz
= −ΓL∗∗

p0

dq
(2)
vs

dz
or w(0) ≡ 0

Precipitating clouds: rapid cloudwater collection, ( C
(1)
cr = C∗∗

cr q
(2)
c q

(2)
r = 0 )

Cd
(2)−C(2)

cr = −w(0)dq
(2)
vs

dz
−C∗∗

cr q(3)
c q(2)

r

1/2
= 0 or w(0) = −C∗∗

cr q
(3)
c q

(2)
r

1/2

dq
(2)
vs /dz

.

w(0) ≥ 0



Meso-convective interactions

So, how fast do we go upward, then??

Source terms in third order θ-equation

S
(3)
θ =

ΓL∗∗

p0
Cd

(3) + Ŝ
(3)
θ

Cd
(3) = −w(1)dq

(2)
vs

dz
− w(0)dq

(3)
vs

dz
Third order θ-equation

θ
(3)
t + w(0)θ(3)

z + w(1)dΘ2

dz
= −ΓL∗∗

p0

(
w(1)dq

(2)
vs

dz
+ w(0)dq

(3)
vs

dz

)
+ Ŝ

(3)
θ

Θ
(3)
t + w(0)Θ(3)

z = −ΓL∗∗

p0
w(0)dq

(3)
vs

dz
+ Ŝ

(3)
θ

Coupling with mesoscale waves

w(0)
∗ =

(
Ŝ

(3)
θ − Θ(3)

t

) (
Θ(3)

z +
ΓL∗∗

p0

dq
(3)
vs

dz

)−1

w(0) = H
(
w(0)

∗

)
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Onset of Deep Convection

U(x, z, t; ε) =
∑

i

εiU(i) (η, x, z, τ )

η = x/ε

τ = t/ε

x =
x′

10 km
, t =

t′

20 min



Onset of Deep Convection

Mesoscale Dynamics

uτ + ∇xπ′ = 0

wτ + π′
z = θ′

θ′τ + w
dΘ2

dz
=

ΓL∗∗

p0
C ′′

ρ0∇x · u + (ρ0w)z = 0

Bulk Microscale Column Dynamics(
∂τ + u(0) · ∇η

)
w̃ = θ̃′

θ̃′τ + w̃
dΘ2

dz
=

ΓL∗∗

p0
C̃ ′′ .

Coupling to Moisture Physics

C ′′ = H(q′c) C ′′
d + [1 − H(q′c)] C ′′

ev



Onset of Deep Convection

Saturated Air

C ′′
d = C∗∗

d δq(n∗)
v q′c = −

[(
w̃(0) + w(0)

) dq′′vs

dz
− D′′

qv

]
(
∂τ + u(0) · ∇η

)
q′c = H(q′c) C ′′

d − C∗∗
cr q′′r q′c(

∂τ + u(0) · ∇η

)
q′′r = 0

Undersaturated Air

C ′′
ev = −C∗∗

ev (q′′vs(z) − q′′v) q′′r
1/2(

∂τ + u(0) · ∇η

)
q′′v = 0(

∂τ + u(0) · ∇η

)
q′′r = 0



Conclusions




