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Prelude: The Data Assimilation Problem:

Given: 1. A physical system (atmosphere, oc
_______________________________________

2. Observations of the physical syste

Usually sparse and irregular in time and spac
Instruments have error of which we have a (p
Observations may be of ‘non-state’ quantities
Many observations may have very low inform

_______________________________________

3. A model of the physical system

Usually thought of as approximating time evo
Could also be just a model of balance (attrac
Truncated representation of ‘continuous’ phy
Often quasi-regular discretization in space an
Generally characterized by ‘large’ systematic
May be ergodic with some sort of ‘attractor’.
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We want to increase our information abou
_________________________________________________

1. Get an improved estimate of state of physica

Includes time evolution and ‘balances’.
Initial conditions for forecasts.
High quality analyses (re-analyses).

_________________________________________________

2. Get better estimates of observing system err

Estimate value of existing observations.
Design observing systems that provide increased informat

_________________________________________________

3. Improve model of physical system

Evaluate model systematic errors.
Select appropriate values for model parameters.
Evaluate relative characteristics of different models.
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Seminar Road Map:

1: Single variable and observation of that va

2: Single observed variable, single unobserv

3: Generalize to geophysical models and ob

4: Dealing with sampling and other errors.

5. Parameter estimation.

Tomorrow: Hierarchical Bayesian methods.
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Bayes rule:
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Bayes rule:
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Consistent Color Scheme Througho

Green = Prior

Red = Observation

Blue = Posterior
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Bayes rule:

This product is closed for Gaussian distribution
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Bayes rule:

This product is closed for Gaussian distribution

p A BC( )
p B AC( ) p A C( )

p B C( )
------------------------------------------

p B(
p∫ B(

----------= =

−4 −2 0
0

0.2

0.4

0.6

Prior PDF

P
ro

ba
bi

lit
y O

Posterior PDF



2/24/06

dµ2 and
Anderson: Parameter Estimation with Filters:   IMAGe TOY 13

Product of two Gaussians:

Product of d-dimensional normals with meansµ1 an
covariance matricesΣ1 andΣ2 is normal.

N µ1 Σ1,( )N µ2 Σ2,( ) cN µ Σ,( )=
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Product of two Gaussians:

Product of d-dimensional normals with meansµ1 an
covariance matricesΣ1 andΣ2 is normal.

Covariance:

Mean:

N µ1 Σ1,( )N µ2 Σ2,( ) cN µ Σ,( )=

Σ Σ1
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1–+( ) 1–=

µ Σ1
1– Σ2

1–+( ) 1– Σ1
1– µ1 Σ2

1– µ2+( )=
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Product of two Gaussians:

Product of d-dimensional normals with meansµ1 an
covariance matricesΣ1 andΣ2 is normal.

Covariance:

Mean:

Weight:

We’ll ignore the weight unless noted since we im
products to be PDFs.

N µ1 Σ1,( )N µ2 Σ2,( ) cN µ Σ,( )=
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Product of two Gaussians:

Product of d-dimensional normals with meansµ1 an
covariance matricesΣ1 andΣ2 is normal.

Covariance:

Mean:

Weight:

Easy to derive for 1-D Gaussians; just do produ
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Bayes rule:

Ensemble filters:Prior is available as finite sample

Don’t know much about properties of this samp
May naively assume it is random draw from ‘tru
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Bayes rule:

How can we take product of sample with contin

Fit a continuous (Gaussian for now) distribution
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Bayes rule:

Observation likelihood usually continuous (near

If Obs. Likelihood isn’t Gaussian, can generaliz
For instance, can fit set of Gaussian kernels to 
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Bayes rule:

Product of prior Gaussian fit and Obs. likelihood

Computing continuous posterior is simple.
BUT, need to have a SAMPLE of this PDF.
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Sampling Posterior PDF:

There are many ways to do this.

Exact properties of different methods may be u
Trial and error still best way to see how they pe
Will interact with properties of prediction models

−2 −1 0 1
0

0.2

0.4

0.6
Posterior PDF

P
ro

ba
bi

lit
y



2/24/06

2 4
Anderson: Parameter Estimation with Filters:   IMAGe TOY 22

Ensemble Filter Algorithms:

3. Ensemble Adjustment (Kalman) Filter.
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Ensemble Filter Algorithms:

3. Ensemble Adjustment (Kalman) Filter.

Again, fit a Gaussian to sample.
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Ensemble Filter Algorithms:

3. Ensemble Adjustment (Kalman) Filter.

Compute posterior PDF (same as previous algo
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Ensemble Filter Algorithms:

3. Ensemble Adjustment (Kalman) Filter.

Use deterministic algorithm to ‘adjust’ ensemble
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Ensemble Filter Algorithms:

3. Ensemble Adjustment (Kalman) Filter.

Use deterministic algorithm to ‘adjust’ ensemble
First, ‘shift’ ensemble to have exact mean o
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Ensemble Filter Algorithms:

3. Ensemble Adjustment (Kalman) Filter.

Use deterministic algorithm to ‘adjust’ ensemble
First, ‘shift’ ensemble to have exact mean o
Second, use linear contraction to have exac
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Ensemble Filter Algorithms:

3. Ensemble Adjustment (Kalman) Filter.

    i = 1,..., ensemb

p is prior,      u is update (posterior),    overbar i
σ is standard deviation.
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Ensemble Filter Algorithms:

3. Ensemble Adjustment (Kalman) Filter.

Bimodality maintained, but not appropriately po
No problem with random outliers.
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Phase 2: Single observed variable, single uno

So far, have known observation likelihood for si

Now, suppose prior has an additional variable.

Will examine how ensemble methods update ad

Basic method generalizes to any number of add

Methods related to Kalman filter in some sense
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Ensemble filters: Updating additional prior state
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Ensemble filters: Updating additional prior state
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Ensemble filters: Updating additional prior state
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Ensemble filters: Updating additional prior state
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Ensemble filters: Updating additional prior state
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Ensemble filters: Updating additional prior state
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Ensemble filters: Updating additional prior state
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Ensemble filters: Updating additional prior state
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Ensemble filters: Updating additional prior state
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Ensemble filters: Updating additional prior state
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Ensemble filters: Updating additional prior state
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Ensemble filters: Updating additional prior state
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Ensemble filters: Updating additional prior state
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Ensemble filters: Updating additional prior state
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Ensemble filters: Updating additional prior state
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Ensemble filters: Updating additional prior state

Two primary error sources:
These are major issues for parameter estimation

1. Linear approximation is invalid.
Substantial nonlinearity in ‘true’ relation 

2. Sampling error due to noise.
Even if linear relation, sample regression

May need to address both issues for good perfo

Parameter Estimation Questions:
1. Are parameters ‘linearly’ related to state a
2. Are parameters strongly or weakly related



2/24/06

se unobserved
ariable is known to

related to set of
ved variables.

erved variable
 remain
nged.

servations be of
tic wind velocity.

variable is
 temp.
Anderson: Parameter Estimation with Filters:   IMAGe TOY 58

Regression sampling error and filter divergence
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Regression sampling error and filter divergence
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Regression sampling error and filter divergence

Suppo
state v
be un
obser

Unobs
should

Unobs
follow
more 

−3

−2

−1

0

1

2

3

U
no

bs
er

ve
d 

S
ta

te
 V

ar
ia

bl
e SD=0.88

MN=0.12

SD=0.62
MN=0.50

After Obs. 21

Sample Correl. = −0.24

−2 0 2
Observed Variable



2/24/06

se unobserved
ariable is known to

related to set of
ved variables.

erved variable
remain unchanged

erved standard
ion is persistently
ased.

ted change in |SD|
ative for any non-
ample correlation!
Anderson: Parameter Estimation with Filters:   IMAGe TOY 61

Regression sampling error and filter divergence
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Regression sampling error and filter divergence
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Regression sampling error and filter divergence
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Regression sampling error and filter divergence
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Regression sampling error and filter divergence
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Ways to deal with regression samplin

1. Ignore it: if number of unrelated observations
and there is some way of maintaining varian

2. Use larger ensembles to limit sampling error.

3. Use additional a priori information about rela
observations and state variables.

4. Try to determine the amount of sampling erro
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Ways to deal with regression samplin

3. Use additional a priori information about rela
observations and state variables.

Atmospheric assimilation problems.
Weight regression as function of horizontaldistanc
Gaspari-Cohn: 5th order compactly supported p
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Ways to deal with regression samplin

3. Use additional a priori information about rela
observations and state variables.

Can use other functions to weight regression.
Unclear whatdistance means for some obs./state
Referred to asLOCALIZATION.
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ference Equation:

(1)

(2)

 (nice, not essential).

(3)

(4)

 t:

(5)

tk t0≥>
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Phase 3: Generalize to geophysical models a

Dynamical system governed by (stochastic) Dif

Observations at discrete times:

Observational error white in time and Gaussian

Complete history of observations is:

Goal: Find probability distribution for state at time

dxt f xt t,( )= G xt t,( )dβt+ t 0≥,

yk h xk tk,( )= vk k;+ 1 2 … tk 1+;, ,=

vk N 0 Rk,( )→

Yτ yl tl τ≤;{ }=

p x t Yt,( )



2/24/06

nd observations

 Difference Equation.

(6)

(7)

(8)

ator:

(9)

1
)

------

x
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Phase 3: Generalize to geophysical models a

State between observation times obtained from
Need to update state given new observation:

Apply Bayes rule:

Noise is white in time (3) so:

Integrate numerator to get normalizing denomin

p x tk Ytk
,( ) p x tk yk Ytk 1–

,,( )=

p x tk Ytk
,( )

p yk xk Ytk 1–
,( ) p x tk Ytk –

,(

p yk Ytk 1–
( )

-----------------------------------------------------------------------=

p yk xk Ytk 1–
,( ) p yk xk( )=

p yk Ytk 1– 
  p yk x( ) p x tk Ytk 1–

,( )d∫=
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(10)

t x and y are vectors.

 each observation.

 state vector.

1
)

)dξ
---------
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Phase 3: Generalize to geophysical models a

Probability after new observation:

Exactly analogous to earlier derivation except tha

EXCEPT, no guarantee we have prior sample for

SO, let’s make sure we have priors by ‘extending’

p x tk Ytk
, 

 
p yk x( ) p x tk Ytk –

,(

p yk ξ( ) p ξ tk Ytk 1–
,(∫

---------------------------------------------------------=
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on vector.

(2)

ues of observations.

mple of state vector x.

 observations.

1 tk t0≥>
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Phase 3: Generalize to geophysical models a

Extending the state vector to joint state-observati

Recall:

Applying h to x at a given time gives expected val

Get prior sample of obs. by applying h to each sa

Let z = [x, y] be the combined vector of state and

yk h xk tk,( )= vk k;+ 1 2 … tk +;, ,=
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(10.ext)
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Phase 3: Generalize to geophysical models a

NOW, we have a prior for each observation:

p z tk Ytk
, 

 
p yk z( ) p z tk Ytk 1–

,( )

p yk ξ( ) p ξ tk Ytk 1–
,( )dξ∫

------------------------------------------------------------------=
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 of those in set j.

rmalizations.

yk
1

yk
2 … yk

s, , ,{ }=
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Phase 3: Generalize to geophysical models a

One more issue: how to deal with many observati

Let yk be composed of s subsets of observations:

Observational errors for obs. in set i independent

Then:

Can rewrite (10.ext) as series of products and no

yk

p yk z( ) p yk
i z( )

i 1=

s

∏=
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y independent error
 sequentially.
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e obs. error covariance.
ated space.

dent errors!
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Phase 3: Generalize to geophysical models a

One more issue: how to deal with many observati

Implication: can assimilate observation subsets s

If subsets are scalar (individual obs. have mutuall
distributions), can assimilate each observation

If not, have two options:
1. Repeat everything above with matrix algebr

2. Do singular value decomposition; diagonaliz
Assimilate observations sequentially in rot
Rotate result back to original space.

Good news: Most geophysical obs. have indepen
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How an Ensemble Filter Works for Geophysical D

Ensemble state
estimate after using
previous observation
(analysis).

Ensemble state at
time of next obser-
vation (prior).

tk tk+1

1. Use model to advanceensemble (3 members he
to time at which next observation becomes ava

*
*
*
*
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How an Ensemble Filter Works for Geophysical D

2. Get prior ensemble sample of observation, y
applying forward operator h to each ensemble m

Theory: ob
from instru
uncorrelat
be done s

y

*
*
*
*

h h
h
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How an Ensemble Filter Works for Geophysical D

3. Getobserved valueandobservational error distr
from observing system.

y

*
*
*
*

h h
h
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How an Ensemble Filter Works for Geophysical D

4. Findincrement for each prior observation ense
(this is a scalar problem for uncorrelated observ

y

*
*
*
*

h h
h Note: Differen

different flavo
ble filters is pr
observation in
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How an Ensemble Filter Works for Geophysical D

5. Use ensemble samples of y and each state v
regress observation increments onto state varia

y

*
*
*
*

h h
h

Theory:
observa
each sta
handled
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How an Ensemble Filter Works for Geophysical D

6. When all ensemble members for each state 
have a new analysis. Integrate to time of next o

y

*
*
*
*

h h
h

tk
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Phase 3: Generalize to geophysical models a

Simple example: Lorenz-63 3-variable chaotic m
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Phase 3: Generalize to geophysical models a

Simple example: Lorenz-63 3-variable chaotic m
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Phase 3: Generalize to geophysical models a

Simple example: Lorenz-63 3-variable chaotic m
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Phase 3: Generalize to geophysical models a

Simple example: Lorenz-63 3-variable chaotic m
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Phase 3: Generalize to geophysical models a

Simple example: Lorenz-63 3-variable chaotic m
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Phase 3: Generalize to geophysical models a

Simple example: Lorenz-63 3-variable chaotic m
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Phase 3: Generalize to geophysical models a

Simple example: Lorenz-63 3-variable chaotic m
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Phase 3: Generalize to geophysical models a

Simple example: Lorenz-63 3-variable chaotic m
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Phase 4: Quick look at real atmospheric applica

Results from CAM Assimilation: Janu
Model:

CAM 3.1 T85L26
U,V, T, Q and PS state variables impacted b
Land model (CLM 2.0) not impacted by obs
Climatological SSTs.

Assimilation / Prediction Experiments:
80 member ensemble divided into 4 equal g
Adaptive error correction algorithm.
Initialized from a climatological distribution (
Uses most observations used in reanalysis
(Radiosondes, ACARS, Sat. Winds...,no surfac
Assimilated every 6 hours; +/- 1.5 hour wind
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NCEP

DART/CAM

Difference.
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NCEP

DART/CAM

Difference.
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Difference.
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6-Hour Forecast and Analysis Observation Spa

Tropics Northern 

0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5

100

200

300

400

500

600

700

800

900

1000

TEMPERATURE K

RMS Error: Tropics

NCEP Opnl. Analysis

NCEP Opnl. Guess

T85 CAM    Analysis

T85 CAM    Guess

0.8 1 1.2 1.4

100

200

300

400

500

600

700

800

900

1000

P
re

s
s
u

re
 (

h
P

a
)

T

RMS Erro



2/24/06

pace Wind RMS

Hemisphere

4.5 5 5.5 6 6.5
R WIND M/S

rthern Hemisphere

NCEP Opnl. Analysis

NCEP Opnl. Guess

T85 CAM    Analysis

T85 CAM    Guess
Anderson: Parameter Estimation with Filters:   IMAGe TOY 96

6-Hour Forecast and Analysis Observation S
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(1)

rameters (very well).

constrain these values.

(2)

d w.

hanged by assimilation.
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Finally..., Parameter Estimation.

Suppose model is governed by (stochastic) Diff

where u and w are vectors of parameters.

Also, suppose we really don’t know values of pa

Can use observations with assimilation to help 

Rewrite (1) as:

where the augmented state vector includes xt, u, an

Model is modified so values of u and w can be c

dxt f xt t u;,( )= G xt t w;,( )dβt+ t 0≥,

dxt
A f A xt

A t,( )= GA xt
A t,( )dβt+ t 0≥,
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ation?
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r divergence.
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From ensemble filter perspective:

Just add any parameters of interest to the mode
Proceed to assimilate as before.

Possible difficulties:
1. Where are parameters ‘located’ for localiz
2. Parameters won’t have any error growth i

(unless we add some): could lead to filte
3. Parameters may not be strongly correlate



2/24/06

ble Model

 with dt=0.0

400
Anderson: Parameter Estimation with Filters:   IMAGe TOY 99

Testing Parameter Estimation in Lorenz-96 40-varia

Variable size low-order dynamical system

N variables, X1, X2,..., XN

Use N = 40, F = 8.0, 4th-order Runge-Kutta

Time series of x1
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(1)

s.
lue of F.

(2)

(3)

ables constrain F?
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Testing Parameter Estimation in Lorenz-96 40-varia

dXi / dt = (Xi+1 - Xi-2)Xi-1 - Xi + F i=1, ...40

(cyclic indices).

Have observations of functions of state variable
Generated by model with fixed but unknown va

Recast F as a state variable.
Single additional variable, or 40 as follows:

dXi / dt = (Xi+1 - Xi-2)Xi-1 - Xi + Fi

dFi/dt = N(0,σnoise)

Can observations of some function of state vari
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ted state) every step.

 when Fi varies,
8!

300
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Testing Parameter Estimation in Lorenz-96 40-varia
20 Member Ensemble (10 Plotted).
40 Randomly Located Observations (interpola

Truth in Yellow (8.0) Ensemble

Intriguing Fact: Best assimilations of state come
even better than when Fi is set to exact value, 
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 Data Assimilation

AM assimilation of
 wave drag effi-
 parameter.

ic values are noise
d be 0).

ciency< ~4    sug-
 by modelers.

onvection.

LL model problems
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Climate Model Parameter Estimation via Ensemble

T21 C
gravity
ciency

Ocean
(shoul

0< effi
gested

Positive values over NH land expected.
Problem: large negative values over SH land near c
Reduces model bias, but for ‘Wrong Reason’.

Assimilation tries to use free parameter to fix A
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45
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Issues

ith parameters?
 to get signal?

 on parameters.
nt question.

s?
 once?
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Ensemble Assimilation / Parameter Estimation 

1. Dealing with sampling noise.
A. How to localize.
B. What are expected correlations of obs. w
C. If these are small, can things be ‘rotated’

2. What question is being answered?
A. Filters try to minimize RMS error.
B. Hard to specify complex prior constraints
C. Model designers may be asking a differe

3. Observability.
A. How much can one get from available ob
B. Is it hard to estimate many parameters at


