
Pre dictability in dynam ical syste m s re le vant 
to clim ate  and w e ath e r

Re le vant Publications

R. Kle e m an and A. M . Moore . A ne w  m e th od for de te rm ining th e  re liability of 
dynam ical ENSO pre dictions. Mon. W e ath . Re v., 127:69 4-705, 19 9 9 .

R. Kle e m an. Me asuring dynam ical pre diction utility using re lative  e ntropy. J. 
Atm os Sci, 59 :2057-2072, 2002.

M.K. Tippe tt, R. Kle e m an, and Y. Tang. Me asuring th e  pote ntial utility of 
s e asonal clim ate  pre dictions . Ge oph ys . Re s . Le tt., 31:L22201, 2004. doi 
10.1029 /2004GL020673.

R. Kle e m an and A. J. Majda. Pre dictability in a m ode l of ge ostroph ic turbule nce . 
J. Atm os Sci, 62:2864-2879 , 2005.

R. Abram ov, A.J. Majda, and R. Kle e m an. Inform ation th e ory and pre dictability 
for low  fre q ue ncy variability. J. Atm os Sci, 62:65-87, 2005.

Y. Tang, R. Kle e m an, and A.M. Moore . O n th e  re liability of ENSO  dynam ical 
pre dictions . J. Atm os Sci, 62:1770-179 1, 2005.

R. Kle e m an. Statistical pre dictability in th e  atm osph e re  and oth e r dynam ical 
syste m s . Ph ys ica D , 2005. Spe cial is sue  on data ass im ilation. Re vis e d.

R. Kle e m an. Lim its , variability and ge ne ral be h aviour of statistical pre dictability 
of th e  m id-latitude . J. Atm os Sci, 2006. In pre paration.

Rich ard Kle e m an
Ce nte r for Atm osph e re  Oce an Scie nce

Courant Institute  of Math e m atical Scie nce s



Statistical Pre dictability
 Th e  conce ptual fram e w ork



Baye sian Approach  to Pre dictability

W ith out initial condition data or a dynam ical proje ction of such  
inform ation, th e  m ost re asonable  assum ption re garding targe t 
random  variable s is  th at th e y h ave  th e  e q uilibrium  distribution. 
Th is  is  th us  th e  prior distribution in Baye s ian te rm inology.

If th e  pre diction data are  th e n m ade  available  i.e . th e  initial 
condition distribution is  de duce d and proje cte d us ing a 
dynam ical syste m  th e n th is  s h ifts th e  prior distribution to th e  
poste rior pre diction distribution. Th e  utility or inform ation 
conte nt of th is  s h ift is  m e asure d by th e  so-calle d re lative  e ntropy.

Th e  re lative  e ntropy is  also us e d in standard stoch astic th e ory (it 
is  calle d a Lyuponov functional th e re ) to m e asure  th e  
conve rge nce  of th e  pre diction to th e  e q uilibrium  distribution. If 
th e  conditional distributions satisfy a causality condition i.e . if 
th e  future  probability is  uniq ue ly de te rm ine d by initial conditions , 
th e  re lative  e ntropy m ontonically de cline s  (or is  cons e rve d). 

Th e  discre te  form  approach e s  th e  continuous form  as partitions 
of state  space  are  re duce d.







Gaussian Form ulae  and Com m on Sk ill Me asure s



Statistical Pre diction Utility Type s



A q ue stion of prim e  im portance  to fore caste rs  is  th e  variation in 
pre dictability/utility from  one  fore cast (or s e t of initial conditions) to 
th e  ne xt. Th is  m ay be  studie d by finding th e  caus e s  of variation of 
re lative  e ntropy. 

Since  distributions are  ofte n (but not alw ays) close  to Gauss ian th e  
caus e  of variations m ay be  strongly re late d to fluctuations in th e  
D ispe rs ion or fluctuations in th e  Signal.

D ispe rs ion fluctuations . Th e s e  are  usually due  to variations in th e  
e ns e m ble  spre ad conne cte d to ch ange s  in flow  instability w ith  
initial condition.

Signal fluctuations . Th e s e  are  usually due  to variations in th e  
am plitude  of (ofte n pe rs iste nt) anom alous m ode s . Th e s e  m ay be  
due  to random  factors and h ave  no particular dynam ical caus e .

W h ich  particular fluctuation is  m ost im portant is  dynam ical syste m  
de pe nde nt.  

Pre diction Utility Variation

Spe cific Dynam ical Syste m s Studie d

Clim ate  Syste m s

Stoch astically Force d dam pe d oscillator. Sim ple  analog for ENSO .

H ybrid or Inte rm e diate  Couple d Mode ls. Sk ilful ENSO  pre diction 
m ode ls.

W e ath e r Syste m s

Lore nz 3 com pone nt syste m . Sim ple  ch aotic oscillator.

Baroclinic turbule nce  syste m .

Global prim itive  e q uation m ode l w ith  re alistic m e ridional radiative  
forcing.



Stoch astically force d oscillator

F is  a w h ite  nois e  forcing. Th e  tw o com pone nts of u can be  inte rpre te d 
in an ENSO  analog as th e  first tw o EOFs of tropical Pacific oce an h e at 
conte nt w ith  th e  first be ing also h igh ly corre late d w ith  th e  first EOF of 
SST. Th e  m atrix coe fficie nts are  give n by

w h e re  T is  th e  pe riod of th e  unforce d oscillator and tau it's   dam ping 
tim e . W e  as sum e  firstly th at th e s e  are  fixe d. If w e  as sum e  a random ly 
ch os e n s e t of de te rm inistic initial conditions draw n from  a long run of 
th e  m ode l th e  follow ing re lative  e ntropy sam ple  s e t (50) of e volutions 
and h istogram  for a particular tim e  re sults:   



In such  a m ode l th e  distributions are  all Gauss ian and also th e  
covariance  m atrix is  inde pe nde nt of initial condition m e aning th at 
variations in utility/RE are  com ple te ly de te rm ine d by th e  Signal pie ce  
of th e  Gauss ian re lative  e ntropy. Fluctuations in th is  are  de te rm ine d by 
random  fluctuation in th e  am plitude  of th e  ve ctor u. 

In ge ne ral for a m ore  re alistic m ode l of ENSO  one  m igh t e xpe ct tau to 
vary according to th e  s e asonal cyle  or ENSO  cycle . W e  can m odify th e  
m ode l to allow  for th is :

w h e re  P is  th e  as sum e d pe riod of th e  instability variation. Note  th at for 
ce rtain parts of th e  instability cycle  ve ry strong unforce d grow th  can occur.

D e spite  th is  strong variation in instability, variations in utility are  still 
dom inate d by th e  Signal pie ce  of th e  Gauss ian re lative  e ntropy. Th e  righ t 
pane l is  for P=T=4 and th e  s e cond is  P=1 w ith  T=4.



H ybrid and Inte rm e diate  Couple d Mode ls of ENSO

Re sults to be  s h ow n are  from  a h ybrid couple d m ode l cons isting of an OGCM 
couple d to a statistical atm osph e ric m ode l. Re sults are  q ualitative ly th e  sam e  
in th re e  oth e r couple d m ode ls, one  h ybrid and tw o inte rm e diate . All m ode ls 
h ave  rough ly th e  sam e  s k ill le ve l w h ich  is  close  to m any oth e r couple d m ode ls 
us e d for routine  ENSO  pre diction.

Contribution to anom aly corre lation sk ill of particular 
fore casts



Me th odology

Ens e m ble s w e re  cre ate d us ing stoch astic forcing w h ich  w as close  to w h ite  
on clim ate  tim e scale s and h ad a spatial patte rn of th e  dom inant 
stoch astic optim al of th e  couple d m ode l in clim atological m ode . A 
re duce d state  space  w as us e d for analys is  cons isting of th e  tw o 
com pone nts of th e  dom inant POP of oce an h e at conte nt w h ich  
corre sponds approxim ate ly to th e  first tw o EOFs. Th e  POPs and EOFs w e re  
obtaine d by a force d run of th e  OGCM and th e  latte r e xplain around 80%  
of total h e at conte nt variance . D istributions on th is  tw o dim e ns ional 
re duce d state  space  w e re  ve ry close  to Gauss ian at all le ads so w e  us e d 
th e  Gauss ian RE form ulae .

Re lative  Entropy



Signal ve rsus D ispe rsion

POP am plitude  in initial conditions



POP and APOP H e at Conte nt Spatial Patte rns 
(Com ple x and Re al)



Classical Lore nz Th re e  Com pone nt Mode l

Note  th e  Non-Gauss ianicity for longe r pre diction e ns e m ble s



Me th odology

Sam ple  s ize s  of 105 w e re  us e d and 1000 random  initial conditions s e le cte d 
from  th e  attractor. An initial condition Gauss ian distribution w as as sum e d 
w ith  a standard de viation around tw o orde rs  of m agnitude  le s s  th an th e  
attractor s ize . Re lative  e ntropy w as th e n calculate d us ing a discre te  form ula. 
Monotonic de cline  in utility w as alw ays obs e rve d de spite  claim s in th e  
lite rature  of a long le ad re turn of s k ill in th e  Lore nz attractor. Such  a re sult is  
lik e ly a function of th e  s k ill m e asure  de ploye d.

Re lationsh ip to th e  Gaussian Entropy



Quasige ostroph ic Baroclinic Turbule nce
Quas ige ostroph ic tw o le ve l m ode l on a be ta plane  w ith  a uniform  m e an s h e ar 
to s im ulate  th e  je tstre am . Dom ain is  doubly pe riodic in th e  zonal and 
m e ridional dire ction and th e  first 16 Fourie r com pone nts are  re taine d in both  
dire ctions w h ich  is  sufficie nt to re solve  th e  Rossby radius  for th e  param e te r 
s e ttings de ploye d. Mode l e q uations :  

Eq uilibrium  spe ctral e ne rgy (gre e n baroclinic; black  
barotropic) plus a typical snapsh ot:



Entropy and Pre dictability Me th odology
A re duce d state  w as ch os e n cons isting of th e  first tw o com ple x barotropic 
Fourie r com pone nts . Th e s e  m ode s  e xplain around 60%  of total variance  
in an e q uilibrium  run. 50 random  initial conditions from  an e q uilibrium  
run w e re  s e le cte d and Gauss ian initial condition distributions w ith  
standard de viation tw o orde rs  of m agnitude  sm alle r th an clim atology 
us e d. 1000 m e m be r pre diction e ns e m ble s w e re  us e d and e ach  re duce d 
state  space  dim e ns ion w as partitione d into q uartile s im plying and 
ave rage  bin count of around 4. Ens e m ble s appe are d ofte n q uite  close  to 
Gauss ian.   

Re lation of Entropy to Signal and D ispe rsion



Re alistic Prim itive  Eq uation Atm osph e ric Mode l

T42 and 5 ve rtical le ve ls. Re alistic orograph y and North e rn W inte r th e rm al 
forcing. Sim plifie d ph ys ics  w ith  Ne w tonian cooling to a zonally uniform  
"radiative /conve ctive "  profile  re placing radiation and conve ction. Good 
s im ulation of th e  m id-latitude  storm  track s  re gions in both  h e m isph e re s . 
Re alistic je tstre am  be h aviour.



Me th odology

Re duce d state  space  tak e n from  th e  EOF spe ctrum  of prim itive  e q uation 
prognostic variable s (re scale d so th at e ach  h as  e q ual global m e an 
variance ). In ge ne ral conve rge nce  of total e xplaine d variance  is  m uch  
slow e r th an in th e  ENSO  cas e  and around 20 EOFs are  re q uire d to e xplain 
approxim ate ly 50%  of variance  w h ile  60 EOFs e xplain around 85%  of 
variance . Re sults s h ow n h e re  are  for a 40 dim e ns ional re duce d space . 

H igh  dim e ns ional space s  im ply th at w ith  practical e ns e m ble s only m arginal 
distributions are  able  to be  e stim ate d. To de al w ith  th is  w e  introduce  a 
h e irarch y of so-calle d m 'th  orde r m arginal re lative  e ntropie s  w h ich  
m e asure  th e  m e an inform ation conte nt of m  dim e ns ional subspace s :  

In ge ne ral fine r partitioning pe r dim e ns ion is  poss ible  for low e r orde r 
m arginal distribution e stim ation for a fixe d e ns e m ble  s ize . W e  ch os e  th e  
large st num be r cons iste nt w ith  an ade q uate  bin count and conce ntrate d 
on th e  first five  m arginal e ntropie s . Note  th e  ine q uality h e irarch y above  
only h olds for constant partitioning across  m arginal e ntropie s .



Ge ne ric be h aviour

W e  ch os e  one  particular initial condition and de rive d th e  initial condition 
distribution as for th e  q uas ige ostroph ic cas e . Re sults h e re  are  for a 9 600 
m e m be r e ns e m ble .



Re gional Variation

South e rn Oce an 

North  Atlantic North  Pacific



Variation of Utility w ith  Initial Conditions. 
Im portance  of Signal and D ispe rsion

1000 m e m be r e ns e m ble s . Se cond and th ird m arginal e ntropie s  and 50 initial 
conditions .



Conclusions

Pre diction utility can be  de fine d rigorously us ing th e  inform ation 
th e ore tic functional of re lative  e ntropy

Tw o k inds of utility can be  ide ntifie d bas e d on th e  ne ar 
Gauss ianicity of m any pre diction distributions . SIGNAL m e asure s  
th e  s h ift in th e  m e an of th e  pre diction from  th e  clim atological 
distributions . D ISPERSION m e asure s  th e  re duction in unce rtainty 
of th e  pre diction ve rsus  clim atological distributions .

Variations in utility from  one  s e t of initial conditions to anoth e r 
are  alm ost alw ays strongly re late d to variations of Signal rath e r 
th an to D ispe rs ion. Th is  conclus ion s e e m s  to h old for re alistic 
clim ate  and w e ath e r pre diction m ode ls. It doe s  not appe ar to 
h old for th e  e xce ptional case  of strongly ch aotic syste m s such  
as  th e  Lore nz 3 com pone nt m ode l.

Pre lim inary e vide nce  from  a s im plifie d w e ath e r m ode l sugge sts 
th at th e re  is  an approxim ate  finite  tim e  cutoff for pre dictability 
of be tw e e n 1 and 2 m onth s . Be yond th is  cutoff initial condition 
inform ation is  not im portant to statistical pre diction. O f cours e  
boundary condition inform ation still can be .




