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One layer model (Two dimensional fluid system for potential
vorticity)

%
Ny vly Vg = D(-AW+ F,

ot
¢ = Ap+By—Fi+h
DA = Y di(=A)

7=>1

=

di: Ekman damping, dz2:Newtonian viscosity, d;, j > 3:
hyper-viscosity

Rationale: 1 fast rotation, (Charney, Bourgeois-Beale,
Embid-Majda, Lions-Temam-Wang ...), 2. relative thinness
(Raugel-Sell, Temam-Ziane, ...)
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undamped/unforced setting customary

Information theoretical approach: Maximize Shannon
entropy with given information

conserved guantity becomes constraints on p
Mean field equation
7=G(v)
Most of them are stable under appropriate assumptions

Majda and W., Nonlinear Dynamics and Statistical Theories for
Basic Geophysical Flows , CUP, 2006
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# Selective decay (decaying flow) (Foias-Saut,
Majda-Shim-W., Montgomery, McWilliam etc)

# Large scale structure: ground energy shell
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Damped driven environment

-

# unresolved small scale in forcing (small scale convection
on Jupiter weather layer, storms for the oceans’ mixing
layer )

=

# random small scale forcing (in Jupiter’s case:
predominantly positive)

# Newtonian viscosity needed
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Simple model
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Two dimensional Navier-Stokes equation (vorticity-stream
function)

0
—q+VL¢-Vq = vAq+ F,

ot
Ay = q,
qli=o = ¢qo(=0)
Y=g = 0,0n9Q(Q = [0,7] x [0, 7])
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Impulse(kick) random small scale forcin
|, o

F = 25 t — jAL) Aw, (T — %)
1=1

17— 7:12/72)° |7 702 < 42
wr(f){( ‘w $j‘/7“) Y ‘ZI? wj‘ ~T 9

0, ’f—fj’2>7“2 :

® z;: uniform distribution on Q,, = [ro, ™ — 7] X [ro, ™ — 0]
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Forcing figure
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ediction via statistical theory (Grote-Majc

f.p EEST leads to the ground state sin zsiny T

® PVST or ESTP leads to sinh-Poisson

# crude closure (tracking energy and circulation only)
works very well
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Numerical results (vorticity)
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# Decomposition of the kick as mean plus fluctuation
Wy = Wy + w;, wr = Ew,

# cumulative forcing effect (deterministic part)

t
LEJA@
# deterministic part remain order one requires
A~ At,or A =c.At
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# cumulative forcing effect (fluctuation part)
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stochastic forcing (fluctuation part)
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# cumulative forcing effect (fluctuation part)

/tf,:Awé(1)+'~+wé<u%J> 1
0 LALtJ At

=

# Donsker’s invariance principle

PG - o
/O]-"N\/A_tG(t)— G ()

e = VAL
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# The continuous equation

dq 1 B _ dG
E%—V Y -Vqg = VAq+crwr+creE,
A

-

q
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Stochastic continuous version
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# The continuous equation

0 dG
7 + Vﬂb -Vqg = vAq+ ¢ o + cre—

Ot dt’
q = Ay

# existence and uniqueness of solutions well known,
existence of invariant measure, random dynamical
system, existence of random attractor well-known
(Benssouson-Temam, Vishik-Fursikov, Schmalfuss,
Crauel-Debussche-Flandoli...)
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® heuristic limitas e — 0

dq"
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® heuristiclimitas e — 0

dq"

o TV Ve = vAg + e,

qo _ Awo
# limiting behavior in time for relatively small ¢,
Vil v = vAZY? + ¢ 0,

limiting behavior as ¢, — 0
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Heuristic limit (approximation)
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Dy /T
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v
N
16
(—A)71(1) = Z — sin(kyx) sin(koy)
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N

corr(sinzsiny, (—A)"1(1)) ~ 0.99




Numerical results and prediction
B o

AT corr. wand-A"" (1)
1 - .
0.8 F
064
0.6
04/
0.4
0.2
0 1 1 1
0 50 100 150 200
-1 -1
lko- A (), 2 [keo- GA (I /]leal] 2
0.05 . . . . 1 - - -
0.04 : 0.8
0.03 0.6
0.02 : 0.4
0.01 : 0.2 ]
0 ' ' ' ' 0 - - -
0 50 100 150 200 0 50 100 150

200 IMAGe talk — p. 21/:



Pathwise convergence (Majda-W.)

- .




Pathwise convergence (Majda-W.)

- N

® Theorem
lg — C]O”Loo((),T;p(Q)) — 0, a.s.




Pathwise convergence (Majda-W.)

- N

® Theorem
lg — C]O”Loo((),T;p(Q)) — 0, a.s.
dq dG

E—I_VJ_?#‘VC]:VAC]—I—CTGJT—I—CTEE




Pathwise convergence (Majda-W.)

- N

® Theorem
lg — C]O”Loo((),T;p(Q)) — 0, a.s.

Jdq
ot
® Forq=q— ceG
0 L V() + creA7IG) - V(G + creG)
= vAG + crop + ve e AG

dG

+ VY- Vg =vAq+ o + cpe —




Pathwise convergence (Majda-W.)

- N

® Theorem
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Jdq
ot
® Forq=q— ceG
0 L V() + creA7IG) - V(G + creG)
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dG
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Rate of convergence (Majda-\W.)
f.ﬂ Theorem T

E(|lg — C]OH%2) < ke’
®q=q—q
dd + (—vAd + V1Y - Vg + VY - V)dt = c,edG

® |[to’s formula =

d
B E2) < —(2v = 53l |F2) + 2 30

where
Tt) = > bpep(D)5;(t)
{ez(Z)} onb., {B;(1 )} Brownians
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Theorem
lim dist(Ae(w), Ag) =0, a.s.

e—0

® random dynamical system
0 R"xQOx H— H, (t,w,u) — ot wu

e(0,w) =1id, e+ s,w)=p(t0sw)op(s,w)
(Qa F) P7 (Qt)tER)a

6; measure preserving, 6y =1d, 0y = 040,
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# Invariant measure pug(du)

[ Fmoldn) = [ EF(p(t.0.w)po(dn
H

H

=

# |nvariant measure is unique for small data
2 1

®q=q—q

IVa'|®

vV

2
'l

d
S < (<2 — ¢

-
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# Invariant measure pug(du)

[ Fmoldn) = [ EF(p(t.0.w)po(dn
H H

# |nvariant measure is unique for small data

P q/ _ C]2 . ql

IVa'|®

vV

2
'l

# Main ingredient: contraction, Ito+Burkholder (with mean
forcing and dependent Brownian motion)

d
S < (<2 — ¢
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Unigueness of invariant measure
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# Invariant measure pug(du)
[ Fmoldn) = [ EF(p(t.0.w)po(dn
H H
# |nvariant measure is unique for small data
P q/ _ C]2 . ql
IVa'|®
1%

2
'l

# Main ingredient: contraction, Ito+Burkholder (with mean
forcing and dependent Brownian motion)

d
S < (<2 — ¢

# E, Flandoli, Kuksin, Mattingly, Maslowski, Schmalfuss,
Sinai, Shirikyan, ...
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Discrete case

# Discrete time Markov processes

Pt = S(AN + Aw(h)),
= SN + Aw(j)

# existence and uniqueness of invariant measure, random
attractor ...

# |nvariant measure concentrated around a large coherent
structure (Majda-W.)

# Kuksin-Shirikyan, Masmoudi-Young, etc
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Summary

=

# Random small scale bombardments could induce large
coherent structure

# Large structures well predicted by equilibrium statistical
theory

# Random bombardment could alter sign as long as the
mean IS not zero

# Different large coherent structure could emerge
depending on different distribution of small scale forcing

#® Generalizes to other geometry and more general one
layer system, or multi-layer system

# Long way to go to reach our goal

-
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® Geophysical effects (3, F, topography, Ekman, ---)?
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# What if smallness assumption is violated?
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Questions

-

#® Geophysical effects (5, F', topography, Ekman, - --)?
# What if smallness assumption is violated?

# What if the mean of the forcing is zero?

# Vanishing viscosity and noise?

# Convergence from discrete to the continuous case?

-
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- o

F=F+ e%
# non-trivial global attractor for deterministic NSE

# unique invariant measure with appropriate noise
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# non-trivial global attractor for deterministic NSE

# unique invariant measure with appropriate noise
# Does the invariant measures converge?
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Vanishing noise (SRB)
f.7"— = F + 6% T
# non-trivial global attractor for deterministic NSE
# unique invariant measure with appropriate noise
# Does the invariant measures converge?
# Converge to what?
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