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● Very quick review of Radial Basis Functions (RBFs) interpolation

● Customizing RBF approximation for vector fields:
● Developed by Narcowich and Ward (1994)
● Divergence-free vector fields

➢ fluid flows, (static) magnetic fields
● Curl-free vector fields

➢ gravity fields, (static) electric fields

● RBF approximation of vector fields tangent to the surface of the sphere:
● Surface divergence-free approximation
● Surface curl-free approximation
● Helmholtz-Hodge decomposition

● Geophysical applications
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Key idea: linear combination of translates 
and rotations of a single radial function:

s x =∑
j=1

N

 j∥x−x j∥ , sxk = f k , k=1, , NInterpolant:

Expansion 
coeffcients:

1-D: ∣x−x j∣  > 1-D: ∥x−x j∥2
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● Scalar RBF interpolant does not change:

s x =∑
j=1

N

 j∥x−x j∥ , sxk = f k , k=1, , N

● Divergence-free and curl-free RBF interpolants do! 
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andwhere
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● Developed by Narcowich, Ward, and Wright (2007)
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● Illustration of new basis (orthographic projection):
Zonal basis Meridional basis
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Zonal basis Meridional basis

Surface div-free RBF interpolation
● Illustration of new basis (Hammer-Aitoff projection):

● Construction similar to the scalar RBF interpolant :
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Zonal basis Meridional basis

Surface curl-free RBF interpolation

● Illustration of new basis (orthographic projection):

● Surface curl-free basis:
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● Matrix-valued Helmholtz-Hodge RBF:

Zonal basis Meridional basis

● Any vector field tangent to the sphere can be uniquely decomposed into surface 
divergence-free and surface curl-free components:
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● Any vector field tangent to the sphere can be uniquely decomposed into surface 
divergence-free and surface curl-free components:

● Helmholtz-Hodge RBF interpolant of f sampled at xj:

● Can get an approximation to the surface divergence-free and surface curl-free components!
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● Any vector field tangent to the sphere can be uniquely decomposed into surface 
divergence-free and surface curl-free components:

● Helmholtz-Hodge RBF interpolant of f sampled at xj:

● Can get a stream function and velocity potential for the interpolant.
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+=

● Tangent vector field u(x) sampled at “scattered” nodes on the sphere.

● Only u is sampled; udiv and ucurl are not known to the interpolant.
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● Tangent vector field u(x) sampled at “scattered” nodes on the sphere.

● Error in the RBF reconstructed field vs. node spacing (log-log scale):

● Dashed line predicted error 
rate for Matérn (Fuselier and 
Wright 2008)
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● Tangent vector field u(x) sampled at “scattered” nodes on the sphere.

● Error in the RBF reconstruction of the surface div-free and curl-free parts vs. node spacing:
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● Test case 5 (flow over an isolated mountain) from Williamson et. al. JCP (1992).
 Height field t=15 days

 Velocity field u t=15 days

● GME SWM (Majewski et. al.
   MWR 2002)

● Icosahedral grid point model  
  (92162 grid points). 

Solution details

Sample details

● Sample velocity field of GME 
solution at N=1849 “scattered” nodes. 

● Construct Helmholtz-Hodge RBF 
interpolant using Matérn MA9/2 RBF
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 RBF reconstructed div-free velocity field t=15 days

Helmholtz-Hodge Decomposition: Example 2
● Test case 5 (flow over an isolated mountain) from Williamson et. al. JCP (1992).

 RBF reconstructed curl-free velocity field t=15 days
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 RBF reconstructed stream function t=15 days

Helmholtz-Hodge Decomposition: Example 2
● Test case 5 (flow over an isolated mountain) from Williamson et. al. JCP (1992).

 RBF reconstructed velocity potential t=15 days
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● This technique can also be used on patches of the sphere to locally approximate:

1) Surface divergence-free or curl-free vector fields

2) General vector fields tangent to the sphere

3) Stream functions and velocity potentials

4) Vorticity

5) Divergence

● Illustration of a local approximation
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● Simulation strategy (method of lines):

Example: linear advection
● Governing PDE to simulate:

● Example: advection of a cosine bell (Test Case 1 of Williamson et. al. JCP (1992)). 

● Icosahedral grid, N=40962 nodes
● 13 point local approximation
● Standard RK4 with 30 min. time step
● MQ RBF

Simulation
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● Can approximate vector fields that are either surface divergence or curl-free with RBFs.
➢ For div-free fields, RBF reconstructed field will be div-free.
➢ For curl-free fields, RBF reconstructed field will be curl-free.

 
● Can approximate general vector fields tangent to the sphere with RBFs.  From the RBF 
reconstructed field, we can

➢ Approximate the div-free and curl-free parts.
➢ Generate a stream function and velocity potential for the field.
➢ Approximate vorticity and divergence of the field.

● All this can also be done on local patches of the sphere. 
➢ Local technique offers nice scaling abilities (petascale?).
➢ Can be used in many current geophysical models as a local interpolation method for 

vector fields.
➢ Can also possibly be used as the basis functions for new computational models.

● Approximating “real” data.


