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e Very quick review of Radial Basis Functions (RBFs) interpolation

e Customizing RBF approximation for vector fields:
e Developed by Narcowich and Ward (1994)
e Divergence-free vector fields
> fluid flows, (static) magnetic fields
e Curl-free vector fields

~ gravity fields, (static) electric fields

» RBF approximation of vector fields tangent to the surface of the sphere:
» Surface divergence-free approximation
e Surface curl-free approximation

e Helmholtz-Hodge decomposition

» Geophysical applications



Scalar RBF inter

holation

Workshop on Petascale
Computing, NCAR 2008

Key idea: linear combination of translates
and rotations of a single radial function:

o(r)

f

1-D: (.b(|x_xj|)

Interpolant: s

X)=0 ;9

[l

LXxpansion B

coeffcients: (I)(”xz. x1||)
b (|[x =)

i), s

b ([l —x,)
P,

P (llxy—x])

x,)=f,, k=1,...,.N

B(lx,—x, )
¢(||x2._xN||>

blllxy=x,l)

b,

-B.N -

.fl.
/>

1

iy it
'“ﬁi'm
TR 0




Workshop on Petascale

Scalar RBF interpolation Computing, NCAR 2008

Key idea: linear combination of translates
and rotations of a single radial function:
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RBF's for spherical geometries Computing, NCAR 2005

Interpolation on R? Interpolation on S C R”
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 Scalar RBF interpolant does not change:

S<x):Z Bj(l)<||x_xj| ), S<xk):fk’ k=1,..,N

» Divergence-free and curl-free RBF interpolants do!



(Surface) Div, Grad, Curl, and all that
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Spherical Coords.

Cartesian Coords.

Point: (A, 0,1) (,vy,2)
Unit vectors: i= longitudinal i = 2-direction
j = latitudinal J = y-direction
k = radial k = z-direction
—1 —2T
| - 1 1
Unit tangent vectors: 1, j ¢ = = T | = |
1—=z 0 1—2 1 _ 52
Unit normal vector: k X = i + yJ + 2k
_ _ 1 Jg: c?g»« dg. 0Og., Ig;
Gradient of scalar g: . =V.q= — — c=P(V.qg) =P | =1+ — k
radient of scalar g: uy, =V, g c::q@dA+dQ u (Ve g) x(c?l+c}zj+c)-
i 1 Ou, v
Surface divergence of u: V- -u, = V>iu, = i - V.P)Tu. = VI(Peu,
\ce divergence o P s cond c"))\—i_c')‘é} ( , x) _ C( X )
, , _ df 1 af;
Curl of a scalar f: —k x (Vof) = i+ u. =x x (P V.f) = OQxPx(V.f) = Qx(V_.f)

90" " cosf o\’

Surface curl of a vector u:

k- (Vs xug) = _vr{(f{ X Uy)

(QXVC)TUC = VE(Q;’EUJ = _VE(QXUCJ

1—22 —ay —xz 0 —z
where FPc=I-xx"=| -2y 1-%> —yz| and Qx= |2 0 —x
—xz —yz 1— 22 —y 0
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Surface divergence-tfree RBFs on the sphere Computing, NCAR 2008

e Developed by Narcowich, Ward, and Wright (2007)

e Use extrinsic (Cartesian) coordinates, x = (z.v, z) € S.

e Start with a centered xg € $%: o(||x — x¢||)

e Construct 3-by-3 matrir-valued function

T(I'div(xv XD) — _(L‘?X(VVT(?(HX o X(]“))(on'
o If ¢ = (cq.c0,c3)" is tangent to S? at xo then W4, (X, Xg)c is tangent to S? at x.

e Furthermore,

Va(x,X0)e = [~Qx(VVTo([[x — %0 [)Qx,]
= QxV [V! (8(]Ix — %0[)@xoC)]
— Qx(vf)

Thus, ¥4y (X, Xg)c is surface divergence-free.

e Idea can be extended to other smooth manifolds.
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Surface div-free RBF interpolation Computing, NCAR 2008

e [llustration of new basis (orthographic projection):

Zonal basis Meridional basis
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Surface div-free RBF interpolation Computing, NCAR 2008

e [llustration of new basis (Hammer-Aitoff projection):

Zonal basis Meridional basis

e Construction similar to the scalar RBF interpolant :

1. For each node x;, center a Wy (X, X; ), and Wiy (X, %5)(;.

2. Linearly combine these vector-valued functions to satisty the interpolation
conditions.

3. Interpolant will be surface divergence-free.

4. AND free of any pole singularity.

e Slight modification needed to uniquely solve for the interpolation coefficients.
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Surface div-free RBF interpolation: examples Computing, NCAR 2008

e Smooth divergence-free test field sampled at “scattered” nodes on the sphere.
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e Dashed and dashed-dotted lines predicted e Divergence of recovered field = 0.

error rates for Matérn (Fuselier et. al. 2008.)



Surface div-free RBF 1nterpolation: examples
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e Less smooth divergence-free test field sampled at “scattered” nodes on the sphere.
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e Error in the RBF reconstructed field vs. node spacing (log-log scale):
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Normalized #5 Error

1 o MA;,=Matérn v =7/2
o MAgy s=Matérn v = 9/2
1 o MQ=Multiquadric

e Dashed and dashed-dotted lines predicted
error rates for Matérn (Fuselier et. al. 2008.)

e Divergence of recovered field = 0.



Workshop on Petascale

Surface curl-free RBF interpolation Computing, NCAR 2008

e Surface curl-free basis:
e Use extrinsic (Cartesian) coordinates, x = (z,y, z) € S

* ll!curl(xﬂ.XO) — _PX(VVJO(

[x —%oll)) Py, -

o If c = (c1.c0,c3)" is tangent to S? at xg then Weu(x, xo)c is tangent to S? at x.

e Furthermore, W.,1(x,%xq)c = PV {—VT(;B(HX — XOH))PXGC} = P«(Vg).

“, v

—
g

Thus, Weun(x, Xo)c is surtace curl-free.

e [llustration of new basis (orthographic projection):

Zonal basis

lI‘[curl(X-.» X()).u()
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Helmholtz-Hodge Decomposition Computing, NCAR 2008

* Any vector field tangent to the sphere can be uniguely decomposed into surface
divergence-free and surface curl-free components:

u(x) = ugi(x) 4+ Ueun(x)
= QOQxVU(x) 4+ FPVx(x)
1 = stream function and y = velocity potential
e Matrix-valued Helmholtz-Hodge RBF:
Uix,xg) = VYao(x.xg) + P (x.x)

Zonal basis Meridional basis

W el (X, X0 )Co I T Ut (X, Xo) po
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Helmholtz-Hodge Decomposition Computing, NCAR 2008

* Any vector field tangent to the sphere can be uniguely decomposed into surface
divergence-free and surface curl-free components:

ux) =  uaw(x)  + ucwi(x)

= OxViY(x) + DIVy(x)

1 = stream function and y = velocity potential

« Helmholtz-Hodge RBF interpolant of f sampled at X

s(X)

T

'I"(X.-XJ)CJ (Where s(xj) =u;, j=1,... \)
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» Can get an approximation to the surface divergence-free and surface curl-free components!
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Helmholtz-Hodge Decomposition Computing, NCAR 2008

* Any vector field tangent to the sphere can be uniguely decomposed into surface
divergence-free and surface curl-free components:

ll(X) = u(liv(x) +  Ucur(x)
= OxViY(x) + PVy(x)
1 = stream function and y = velocity potential

« Helmholtz-Hodge RBF interpolant of f sampled at X

N
S(X) - Z ]IJ(X-‘XJ')CJ' (Where s(xj-) =u;, J = 1.... ._N)

N
— E ‘I’(ln X, XJ + Weurl (X- X ” Cj

J=1
N N
- T ~T _. T 1y y L
= OxV [Z vIo(x — x; )ang_cj] +PV [Z vio(x —x; N PLec
j=1 =1
stream function for s velocity potential for s

» Can get a stream function and velocity potential for the interpolant.
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Helmholtz-Hodge Decomposition: Example 1 Computing, NCAR 2008

e Tangent vector field u(x) sampled at “scattered” nodes on the sphere.

e Only u 1s sampled; u are not known to the interpolant.

and u
A% cur

di 1
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Helmholtz-Hodge Decomposition: Example 1 Computing, NCAR 2008

e Tangent vector field u(x) sampled at “scattered” nodes on the sphere.

 Error in the RBF reconstructed field vs. node spacing (log-log scale):
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* Dashed line predicted error
rate for Matérn (Fuselier and
Wright 2008)

Normalized £5 Error
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Helmholtz-Hodge Decomposition: Example 1

e Tangent vector field u(x) sampled at “scattered” nodes on the sphere.

 Error in the RBF reconstruction of the surface div-free and curl-free parts vs.

Normalized £5 Error
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node spacing:
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Helmholtz-Hodge Decomposition: Example 2 Computing, NCAR 2008

 Test case 5 (flow over an isolated mountain) from Williamson et. al. JCP (1992).

Height field =15 days

Velocity field u =15 days

Solution details

* GME SWM (Majewski et. al.

T MWR 2002)

e * [cosahedral grid point model

(92162 grid points).
5400

5200

Sample details

» Sample velocity field of GME
solution at N=1849 “scattered” nodes.

* Construct Helmholtz-Hodge RBF
interpolant using Matern MA, ) RBF



Helmholtz-Hodge Decomposition: Example 2

Computing, NCAR 2008

Workshop on Petascale
 Test case 5 (flow over an isolated mountain) from Williamson et. al. JCP (1992).

RBF reconstructed div-free velocity field /=15 days
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Helmholtz-Hodge Decomposition: Example 2 Computing, NCAR 2008

 Test case 5 (flow over an isolated mountain) from Williamson et. al. JCP (1992).

RBF reconstructed stream function =15 days




Scalability: moving from global to local O et oo

Computing, NCAR 2008

 This technique can also be used on patches of the sphere to locally approximate:
1) Surface divergence-free or curl-free vector fields 4) Vorticity
2) General vector fields tangent to the sphere 5) Divergence
3) Stream functions and velocity potentials

e [llustration of a local approximation
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Example: linear advection
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: : oh
* Governing PDE to simulate: — 4 V/ . (11}1) — 0
ot
u = J|ug, vt = ugl(cosacosb + sinacos Asin #), — sin o sin A
u = [uc.ve,w.]’ =ug[—ycosa,zcosa+ ysina, —ysinal’

e Simulation strategy (method of lines):

e Rewrite advection equation as:

oh
% = —V - (uh)
f

e Approximate f locally at each node point using Helmholtz-Hodge RBF interpolant.

e Compute divergence of local interpolants.

e Advance the system in time.

» Example: advection of a cosine bell (Test Case 1 of Williamson et. al. JCP (1992)).

e [cosahedral grid, N=40962 nodes

* 13 point local approximation

e Standard RK4 with 30 min. time step
* MQ RBF

Simulation
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Concluding remarks Computing, NCAR 2008

» Can approximate vector fields that are either surface divergence or curl-free with RBFs.
> For div-free fields, RBF reconstructed field will be div-free.
> For curl-free fields, RBF reconstructed field will be curl-free.

 Can approximate general vector fields tangent to the sphere with RBFs. From the RBF
reconstructed field, we can

> Approximate the div-free and curl-free parts.
> (Generate a stream function and velocity potential for the field.
> Approximate vorticity and divergence of the field.

« All this can also be done on local patches of the sphere.
> Local technique offers nice scaling abilities (petascale?).

> Can be used 1n many current geophysical models as a local interpolation method for
vector fields.

> Can also possibly be used as the basis functions for new computational models.

» Approximating “real” data.



