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Background
For 3-D rotating flows,it’s an interesting problem to see howenergy

transferring into large-scale zero-frequency modes and the corresponding

generation of anisotropic structures,such as large-scalezonal flows and

vortices.Newell(1969) showed that near resonances are important on a time

scale ofO(1/R).Smith and Lee showed numerically that the near resonances

reproduced all of the important characteristics of the fullsimulation,but it’s

not a PDE.Our goal is to generate a PDE reduced model that including all the

interactions with zonal flow.
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Governing Equation for 3-D Ro-
tational Flow

for the purely-rotation equation:







~ut + ~u · ∇~u+ 2Ωẑ × ~u = −∇p+ ν∇2~u

∇ · ~u = 0

The linear,inviscid limit has wave solutions of the form:

u(x, t;
−→
k ) = ~hsk

exp[i(
−→
k · x− σ(

−→
k )t)]

we have the frequencyσsk
= sk2Ωkz

k
.With eigenvector

~hsk
=









kxkz

kkh
+isk

ky

kh

kykz

kkh
−isk

kx

kh

−kh

k








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Governing Equation
consider decomposition:

~u =
∑

k

(b+k
~h+

k + b−k
~h−k ) ∗ ei∗(~k·~x−σ(

−→
k ))

we will have the equation in Fourier Space:

∂bsk

∂t
= 1

4

∑

~k=~p+~q

∑

sp,sq
(spp− sqq)C

sk,sp,sq

~k,~p,~q
· bsp

∗ bsq

∗exp(i(σsk
(
−→
k ) + σsp

(−→p ) + σsq
(−→q ))t)

where

C
sk,sp,sq

~k,~p,~q
= (~hsp

× ~hsq
) · ~h∗sk

Resonant triad interactions means

−→
k + −→p + −→q = 0 σsk

(
−→
k ) + σsp

(−→p ) + σsq
(−→q ) = 0
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Background
• Waleffe(1993)showed all interactions transfer energy toward smaller

values of frequency.But resonant interactions cannot transfer energy

directly to 2-d flow(zero frequency flow) since theCkpq = 0

• Smith and Lee showed numerically that the near resonances reproduced

all of the important characteristics of the full simulation,but it’s not a

PDE which will make the simulation slow.

• Babin generated a PDE form of equation for the exact resonantreduced

model,but since exact resonant cannot transfer energy to 2-d,this is not

a good model in studying how energy transferring into 2-d.

• My goal here is to derive a reduced model that one wave in the triad

interactions has zero-frequency(2-d flow).This reduced model will be in

a PDE form,then the numerical simulation will save some time.Also

,we want to show this model will reproduce most of the important

characteristics of the full model,such as energy transferring into

large-scale zero-frequency modes and the generation of anisotropic

structures. A Reduced Model for Rotational Flows – p. 5/31



Deriving Reduced Model
Now we’ll use the solution in the form

~u =
∑

k

(a+
k (t)~h+

k + a−k (t)~h−k )

Herea(t; k) = b(t; k) ∗ exp(−iσ(
−→
k )t)

Now the equation in Fourier Space becomes:

∂ask

∂t
− σsk

kzask
=

1

4

∑

~k=~p+~q

∑

sp,sq

(spp− sqq)C
sk,sp,sq

~k,~p,~q
· asp

∗ asq
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Deriving Reduced Model
Use the eigenvectors:















u =
∑

−→
k
(kxkz

kkh
+ i

ky

kh
)a+

k + (kxkz

kkh
− i

ky

kh
)a−k

v =
∑

−→
k
(

kykz

kkh
− ikx

kh
)a+

k + (
kykz

kkh
+ ikx

kh
)a−k

w =
∑

−→
k
−kh

k
(a+

k + a−k )

use stream functions:

u = χx − ψy , v = χy + ψx

then














ψ =
∑

−→
k
− 1

kh
(a+

k − a−k )

χ =
∑

−→
k
−i kz

kkh
(a+

k + a−k )

w =
∑

−→
k
−kh

k
(a+

k + a−k )
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Deriving Reduced Model
Since what we are interested in now is how the energy is transferred to 2-D

flow for 3-D rotational flows.In Fourier space,2-d flow means the casekz = 0

which meansσk = 0,so 2-d flow is also called slow wave mode.Now for the

slow modes(we’ll useo to denote that):

~h0
sk

=









isk
ky

kh

−isk
kx

kh

−kh

k























u =
∑

−→
k
i

ky

kh
a+

k − i
ky

kh
a−k

v =
∑

−→
k
−ikx

kh
a+

k + ikx

kh
a−k

w = −
∑

−→
k

kh

k
(a+

k + a−k )

stream functions:

u = −ψy , v = ψx
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Deriving Reduced Model
Now all the interactions we’ll have :

0 | 00 ++ +− −−

+ | ++ +− −− 0+ 0−

− | ++ +− −− 0+ 0−

Since in the triad interactions,if one wave is 2-d,say,kz = 0,thenpz andqz
should be both zero or non-zero.So there is no (0,0,+) type ofinteractions.

Since we want to see how energy is transferred into 2-d flow,we’ll derive the

equation that contains at least one slow mode.We what we havenow :

0 | 00 ++ +− −−

+ | 0+ 0−

− | 0+ 0−

Now we’ll call slow wave mode n,and fast wave mode w.
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Equation for (n,w,w)
first calculate C.

~hsp
× ~hsq

=

∣

∣

∣

∣

∣

∣

∣

∣

i j k
pxpz

pph
+ isp

py

ph

pypz

pph
− isp

px

ph
−ph

p

qxqz

qqh
+ isq

qy

qh

qyqz

qqh
− isq

qx

qh
− qh

q

∣

∣

∣

∣

∣

∣

∣

∣

Remindψ =
∑

−→
k
− 1

kh
(a+

k − a−k ) ,to get a0,+
k − a0,−

k ,need to calculate

(~hsp
× ~hsq

) · ( ~h0,+
sk − ~h0,−

sk )∗ = 2(~hsp
× ~hsq

) · (−i
ky

kh

, i
kx

kh

, 0)
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Equation for (n,w,w)

(~hsp
× ~hsq

) · (−i
ky

kh
, ikx

kh
, 0) = sp

qh

qphkh
(~p× ~q) · ẑ

+sq
ph

pqhkh
(~p× ~q) · ẑ

+i
qhpz(pyky+pxkx)

pqphkh
− i

phqz(kyqy+qxkx)
pqqhkh

(Sincep× q = p× k = k × q)
use kx = px + qx, ky = py + qy, kz = 0, pz + qz = 0

∂t(a
0,+
k

− a
0,−
k

)

= 1

2

∑

~k=~p+~q

∑

sp,sq
(spp− sqq)(~hsp × ~hsq ) · (−i

ky

kh
, i kx

kh
, 0) · asp ∗ asq

=
∑

~k=~p+~q

∑

sp,sq
spp(~hsp × ~hsq ) · (−i

ky

kh
, i kx

kh
, 0) · asp ∗ asq

=
∑

~k=~p+~q
[ pqh

phqkh
(~p× ~q) · ẑ(a+

p + a−p )(a+
q + a−q )

+ ph

qhkh
(~p× ~q) · ẑ(a+

p − a−p )(a+
q − a−q )

+[i qhpz

qphkh
(pxqx + pyqy + p2

h
) − i

phqz

qqhkh
(pxqx + pyqy + q2

h
)]

(a+
p − a−p )(a+

q + a−q )]
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Equation for (n,w,w)
multiply kh both sides

−k2
h
· [− 1

kh
∂t(a

0,+
k

− a
0,−
k

)]

=
∑

~k=~p+~q
[ pqh

phq
(~p× ~q) · ẑ(a+

p + a−p )(a+
q + a−q ) + ph

qh
(~p× ~q) · ẑ(a+

p − a−p )(a+
q − a−q )

+[i qhpz

qph
(pxqx + pyqy + p2

h
) − i

phqz

qqh
(pxqx + pyqy + q2

h
)](a+

p − a−p )(a+
q + a−q )]

take this to real space:

∂t∇
2
Hψ = −J(∇2∇

−2

H
w,w) + J(∇2

Hψ,ψ) + ∇2
H∂xψ · ∂x∂z∇

−2

H
w

+∇2
H∂yψ · ∂y∂z∇

−2

H
w + ∇2

Hψ · ∂zw − ∂z∂xψ · ∂xw − ∂z∂yψ · ∂yw

−∇2
H∂zψ · w

to get a0,+
k

+ a
0,−
k

,need to calculate

(~hsp × ~hsq ) · (
~

h
0,+
sk

+
~

h
0,−
sk

)∗ = 2(~hsp × ~hsq ) · (0, 0,−
kh

k
)
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Equation for (n,w,w)
Similarly, we can get the equation forw

∂tw = ∂x∇
2∇

−2

H
w · ∂z∂x∇

−2

H
w + ∂y∇

2∇
−2

H
w · ∂z∂y∇

−2

H
w + ∂x∂zψ · ∂xψ

+∂y∂zψ · ∂yψ − J(∂zψ, ∂z∇
−2

H
) + J(∇2∇

−2

H
w,∇−2

H
)

Similarly,we can get the equation for (w,n,w):

∂t∇
2
Hψ + 2Ω∂zw = 1

2
(−J(w,w) + J(∇2

Hψ,ψ) + ∂x∇
2
Hψ · ∂z∂x∇

−2

H
w

+∂y∇
2
Hψ · ∂z∂y∇

−2

H
w + ∇2

Hψ∂zw

−J(∇2∇
−2

H w,w) + J(∇2
Hψ,ψ) − ∂z∂xψ · ∂xw

−∂z∂yψ · ∂yw − ∂z∇
2
Hψ · w)
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Set of equations:
Now we’ll take the equations to (u,v,w) form:

∂tu +uux + vuy + wuz = −px

∂tv +uvx + vvy + wvz = −py

∂tw +uwx + vwy + wwz = pz

∂tu+ 2Ωv + 1

2
(uux + vuy + wuz + uux + vuy) = −px

∂tv − 2Ωu + 1

2
(uvx + vvy + wvz + uvx + vvy) = −py

∂t∇
2
Hw + 1

2
(uwx + vwy + wwz + uwx + vwy) = −pz

This set of equations is basically doubled the number of 3-d FFTs of original N-S equation and

involved some 2-d FFT.So we can say this is doable
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Equation for (n,n,n)
For the case where all three are slow-wave mode,we
have:

∂t∇
2
HΨ + J(Ψ,∇2

HΨ) = 0

∂tw + J(w,Ψ) = 0

This is just the 2-D 3-C equation.And this showed our
method to derive the equation works.
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2-d
For 2-d,we’ll use beta-plane equations and use the
same idea to generate a PDE reduced model.But in
3-d,three non-wave interaction is 2d-3c,but in
beta-plane,the coupling coefficient for three non-wave
interaction is zero.So in this case,we will consider
near-zonal wave interaction instead of exact zonal
interaction.
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Background
β-plane equation is a simple two-dimensional system
that describes the flow of a thin layer of homogeneous
fluid on the surface of a rotating sphere.
Chekhlov,Orszag,Galperin,Sukoriansky and
Starosesky showed the energy spectrum exhibits the
scalingE(k) ∝ β2k−5.Lee and Smith showed the
near-resonant triad interactions capture the main
features of the main features of time-developing flow
on the fullβ-plane.
Now our goal here is to write down a PDE for a
reduced model and see how energy goes to zonal
parts.
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Governing equations
Theβ-plane equation for the stream functions is:

∂t∇
2Ψ + β∂xΨ + J(Ψ,∇2Ψ) = ν∇4Ψ

Ψ:Stream function of the flow

β is the linear variation of the Coriolis parameter.(f = fo + βy)

Rh = U/(βL2) is the Rhines number

If Ψ =
∑

−→
k
b(k; t)ei(

−→
k ·

−→x −σ(
−→
k )t)

k2∂tb(
−→
k ) =

∑

−→
k +−→p +−→q =0

Ckpqb
∗(−→p )b∗(−→q )ei(σ(

−→
k )+σ(−→p )+σ(−→q ))t

with dispersion relation:σ(
−→
k ) = −β kx

k2
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Ckpq =
1

2
(q2 − p2)(p × q) · z

For general case,we have:
Ckpq + Cpqk + Cqpk = 0 Ckpq = Ckqp

k2Ckpq + p2Cpqk + q2Cqkp = 0
These showed conservation of energy and enstrophy
by triad interactions.
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Zonal Flow
Zonal Flow is all about the movement and exchange
of information between east and west.In Fourier
space, zonal flow meanskx = 0 and implies

σ(
−→
k ) = 0 .β-plane with isotropic forcing and

hyperviscosity at small scales show strong transfer
into large-scale zonal flow.
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Two important triad interac-
tions

• Resonant triad interaction:here
σ(
−→
k ) + σ(−→p ) + σ(−→q ) = 0

• Triad interactions including zonal flow.
• Unfortunately, there is no resonant triad

interaction to zonal flows.
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Interactions including zonal
flows
Let’s call the zonal flow non-wave mode (n).
Fromkx + px + qx = 0,so the only triad interactions
that make sense are

• Three non-wave modes interaction
• One non-wave mode interacts with two wave

modes.
• Three wave modes interaction.

For the three non-wave interaction , since
(p × q) · z = 0,we have

Ckpq = Cpqk = Cqkp = 0
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near-zonal and outside zonal
Now we’ll think about the interaction including
near-zonal.Near-zonal is defined as the modes
includingkx = 0 and a sector which is defined by all
the modes such thatkx

ky
∼ O(Rh).Since the condition

for a mode near-zonal is a linear relation betweenkx
andky,we can write a pde for this reduced model.
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Equations for reduced model
We’ll call the near-zonal "S",and the modes outside the near-zonal "P".Now

all the interactions we’ll have are (S,P,P),(S,S,P),(S,S,S) and (P,P,P).Since

there is no triad that can make (S,S,P),we won’t consider this one.

Now if we consider (S,S,S),the equation in Fourier space will be:

∑

k∈S

k2∂tb(
−→
k ) =

∑

−→
k +−→p +−→q =0

∑

−→p +−→q ∈S

∑

−→p ∈S,−→q ∈S

Ckpqb
∗(−→p )b∗(−→q )ei(σ(

−→
k )+σ(−→p

Now denotep ands are the operator constraint in near-zonal and

outside-zonal.The case we’ll consider will be (S,S+P,S+P).

∂t∇
2
sΨ + s+ β∂xsΨs + Js(Ψ,∇

2Ψ) = ν∇4
sΨs

∂t∇
2Ψ + β∂xΨ + 1

2 (J(Ψs,∇
2Ψ) + J(Ψ,∇2Ψs)) = ν∇4Ψ
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Numerical Simulation
For the numerical simulation ,we’ll use

• Consider the equations in2π × 2πbox
• We will start with zero initial condition
• We’ll add random white noise forcing in the

range73 < k < 77 for 3842 Fourier Modes.

F (k) = ǫf
exp(−0.5(k − kf)

2)

(2π)1/2

• We’ll add hyperviscosity at small scales.

A Reduced Model for Rotational Flows – p. 25/31



plots
At the beginning,we start with the sector with
sizeπ/6.Defineδ = (sizeofsector)/(Rh),Now we’ll
see the case for (S,S+P,S+P) for Rh=0.3,and
δ = 1.5(Rh=0.5 for western Atlantic)

0 0.5 1 1.5 2 2.5

x 10
5

0

1

2

3

4

5

6
x 10

5

This is the total energy vs time for reduced model(blue) and full model.From

the plot,we can see the reduced model can gain more energy than full

model.But for all later plots,we’ll consider the one-time plot at the same time

lever,say 350 turn-over time. A Reduced Model for Rotational Flows – p. 26/31



plots
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Energy of maximum zonal averaged velocity VS
time.West:Red,East:East.Left:reduced
model.Right:full simulation.
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plots
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Zonal averaged velocity at t=350.
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plots

This plot is the contour of the stream function at
t=350.
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Conclusion
As shown in the plots,for (S,S+P,S+P),its large scale
behavior is same as the full model with forcing.And
looking at the zonally averaged velocity,we can see
the westward velocity is larger than the eastward
velocity which is an important behavior for beta-plane
equation
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Thank you!
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