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Background

For 3-D rotating flows,it's an interesting problem to see lenergy
transferring into large-scale zero-frequency modes aaddnresponding
generation of anisotropic structures,such as large-zoaial flows and
vortices.Newell(1969) showed that near resonances arertang on a time
scale ofO(1/R).Smith and Lee showed numerically that the near resonal
reproduced all of the important characteristics of thesutiulation,but it's
not a PDE.Our goal is to generate a PDE reduced model thatiimg) all the
Interactions with zonal flow.
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overning Equation 10r 5-D RO-
tational Flow

for the purely-rotation equation:

U+ u-Vi+2Q;2 x4 =-Vp+ vV
V-4 =0
The linear,inviscid limit has wave solutions of the form:
— = —

u(z,t; k) = hs, expli(k -T —o(k)t)]

we have the frequenay,, = s,ﬂﬂ%.With eigenvector
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Governing Equation

consider decomposition:

i= 3 (bf kit + by By ) x e FT=o(R)
k

we will have the equation in Fourier Space:

Sky,Sp,ySq

Obg 1
k — 4 = - o
ot ! Zk:_’ SqC]) k.7,q bsp * bsq

xexp(i(0s, (k) + 05, (D) + 05,(7))t)
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where

—

% = (R, % Fe,) I

k,p,q
Resonant triad interactions means

—
— . —
0

k+p+q — Osk( )"'O-sp(?)_'_o-sq(?):o
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Background

* Waleffe(1993)showed all interactions transfer energyatasmaller
values of frequency.But resonant interactions cannostesrenergy
directly to 2-d flow(zero frequency flow) since th&,, = 0

®* Smith and Lee showed numerically that the near resonanpesdcec
all of the important characteristics of the full simulatjoat it's not a
PDE which will make the simulation slow.

® Babin generated a PDE form of equation for the exact resardnted
model,but since exact resonant cannot transfer energyfthia-is not
a good model in studying how energy transferring into 2-d.

®* My goal here is to derive a reduced model that one wave in the tr
Interactions has zero-frequency(2-d flow).This reducedehwill be in
a PDE form,then the numerical simulation will save some thiso
,we want to show this model will reproduce most of the impairta
characteristics of the full model,such as energy transiginto
large-scale zero-frequency modes and the generation stampic
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Deriving Reduced Model

Now we'll use the solution in the form

Herea(t; k) = b(t; k) * exp(—io( & )t)
Now the equation in Fourier Space becomes:

A Reduced Model for Rotational Flows — p.



Deriving Reduced Model

Use the eigenvectors:

use stream functions:

kmkz -k kac z -k -

w :Z?(kkh Hﬁ)aiﬁﬂkﬁ _Zﬁ)ak

kyk. k. kyks | ok, —

{ v :Z?( Ty —ZH)a;qL(kykh +zZ—h)ak
| w =g R +ap)

u:Xx_wyarU:Xy"_waz

then

>~ (af —ap)
> .7 _ikkkzh (ay +ay)
> — (0 +ay)
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Deriving Reduced Model

Since what we are interested in now is how the energy is tearesf to 2-D
flow for 3-D rotational flows.In Fourier space,2-d flow meamns tasé:, = 0
which meansg;, = 0,50 2-d flow is also called slow wave mode.Now for th
slow modes(we’ll usé to denote that):

ky
’I/Skm
hsk — Sk,
_kn
k
= ky + ky —
U =) g iy — igray
S — ke F ks
\ T =) 7 —igta; tigtay
_ ki [+ _
(W — 27 ey +ap)

stream functions:
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Deriving Reduced Model

Now all the interactions we’ll have :

0] 00 4+ +— ——
+ | ++ +— —— 0+ 0-
— | ++ 4= —— 0+ 0-

Since in the triad interactions,if one wave Is 2-d,5ay- 0,thenp, andgq.
should be both zero or non-zero.So there is no (0,0,+) tyjpet@factions.
Since we want to see how energy Is transferred into 2-d flolW,gexive the
equation that contains at least one slow mode.We what weritave

U @ e = =
+ ] 0+  0-
— | 0+ 0-

Now we’ll call slow wave mode n,and fast wave mode w.
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Equation for (n,w,w)

first calculate C.

i i k
FL X FL — PxDPz . Py PyPz . Px __Phn
°p ik pon P, ppn T S0y, p
e . qy dy49= . 9z __ gn
aan T S0q,  qan  'Sag, q
Remindy = > — 2 (af — aj) togeta,™ — a;’~ ,need to calculate

(he % Bis ) - (WO — hO)* = 2(R, x by ) - (—i-2,i2 0)
p q P q kh kh,
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Equation for (n,w,w)

r r T
(hsp X hsq) ) (_vazz_hao) Cj)

__Spqphkh(

TS qpqhkh(
+Z dhPz (py y+pm km)

paprkn

(Sincep x g =p x k =k x q)
use kx = Dz + 4z, ky

8t(a2

1

3 2 E=ptq 2

ZE:ﬁ+§ZSP73q
pq —

2 R=p+a\pnakr P X 9

+qh,kh (P'% q) - 2(a+

- a;)(aq
- qph Pz PhHq=
‘|‘[Z qphhkh (pqu + Pyqy + ph) qq};k‘h
( +

ap — ap )<aq + aq )]

_ az ™)
sp5g (59D = 5q@) (hsy, X hisy) - (=i
spp(hs, X hs,) - (—zk—z,ia
2(ay +ap)(ag +ag)
i —aq)

=pyt+aqy, k: =0,p, +¢q, =

k
70)

X q) -2

s PRAz (kyQy+Qm kac)
Pqqnkn

0

(P2qe + Pyay + 42)]
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Equation for (n,w,w)

multiply k;, both sides

—k2 [0 (apt — o))
= Vst (5% ) 2(ap +ap)(ag +ag)+ PE(Fx Q) - 2(ag —ap)(af —ag
Hi P2 (poge + pyay + P7) — 122 (poge + pyay +a7)l(ap — ap )(ag +ag)]
take this to real space:
VL = —J(VAV G w,w) + J(VEh, ) + V201 - 050V 57w

togeta, " +a)~ ,need to calculate

—

— N o « — — kh
(hsp X hs,) - (he, T +R3T)* = 2(hs, X hs,) - (0,0, -=)
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Equation for (n,w,w)
Similarly, we can get the equation far

W = 0p V2V w - 0:0:V 5w + 0y V2V g w - 0,04V i*w + 93021 - Oyt
+0y0:1 - Oyth — J(8:9,0:V 52) + J(VEV 52w, V57)

Similarly,we can get the equation for (w,n,w):

OVHY + 200w = G (=J(@,w) + J(VE$,9) + 0:VEY  0:0.V g w
+0y Vi - 0:0yV ' w + Viphdzw
—J(V2V 2w, @) + J(VZ49,9) — 02059 - 0w
—0:0y1 - 8yW — 8-V3¢ - W)
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Set of equations:

Now we’ll take the equations to (u,v,w) form:

otu  Fuux + vuy + wur; = —pg

0tV Huvy +vvy +wu; = —py

orw  Huwg + vwy + ww, =Dz
Oru + 20 —I—%(ﬂum + Vuy + Wy, + vty + Uy ) = —Pg
Ov — 2Qu  +1 (W + Tuy + Wu, + Ul + VOy) = —py
Viw +1(Twe +Vwy + Bw, + Uiy + vy) = —p-
This set of equations is basically doubled the number of &~8drof original N-S equation and

involved some 2-d FFT.So we can say this is doable
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Equation for (n,n,n)

For the case where all three are slow-wave mode,

have:
O,VLY + J(U, V5T =0

Orw + J(w,¥) =0

This is just the 2-D 3-C equation.And this showed
method to derive the equation works.
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2-d

For 2-d,we’ll use beta-plane equations and use the
same Idea to generate a PDE reduced model.But
3-d,three non-wave interaction is 2d-3c,but In
beta-plane,the coupling coefficient for three non-w
Interaction IS zero.So In this case,we will consider
near-zonal wave interaction instead of exact zonal
Interaction.
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Background

g-plane equation is a simple two-dimensional syst
that describes the flow of a thin layer of homogene
fluid on the surface of a rotating sphere.
Chekhlov,Orszag,Galperin,Sukoriansky and
Starosesky showed the energy spectrum exhibits 1

scalingE (k) o< $*k—°.Lee and Smith showed the
near-resonant triad interactions capture the main
features of the main features of time-developing flc
on the full 3-plane.

Now our goal here is to write down a PDE for a

reduced model and see how energy goes to zonal
parts.
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Governing eguations

The -plane equation for the stream functions is:
OV + 30,V + J(¥, V20 = vViT

U :Stream function of the flow

G is the linear variation of the Coriolis parametér€ f, + Gy)
Rh = U/(BL?) is the Rhines number

If o =3 b(k;t)ei(?.?_a(?)t)

with dispersion relations( k ) = — 3%z
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Civ = 5>~ (B x7) - %
For general case,we have:
Chpg + Cpg + Cgpi = 0 Chpg = Chap
k*Chpg + 0°Cpg + ¢°Caip = 0
These showed conservation of energy and enstroy
by triad interactions.
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Zonal Flow

Zonal Flow is all about the movement and exchan
of iInformation between east and west.In Fourier
space, zonal flow mears = 0 and implies

a(?) = 0 .0-plane with isotropic forcing and
hyperviscosity at small scales show strong transfe
Into large-scale zonal flow.
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Two 1mportant triad Interac-
tions
* Resonant triad interaction:here
o(k)+o(p)+o(q)=0
 Triad interactions including zonal flow.

« Unfortunately, there is no resonant triad
interaction to zonal flows.
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Interactions Inciuding zonal
flows

Let’s call the zonal flow non-wave mode (n).
Fromk, + p, + g, = 0,s0 the only triad interactions
that make sense are

« Three non-wave modes interaction

e One non-wave mode Interacts with two wave
modes.

« Three wave modes interaction.

For the three non-wave interaction , since
(p x q) - Z = 0,we have

Ckpq — Ypgk — qup =0
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near-zonal and outside zonal

Now we’ll think about the interaction including
near-zonal.Near-zonal is defined as the modes
Including k£, = 0 and a sector which is defined by a

the modes such th&t ~ O(Rh).Since the condition

for a mode near-zonal Is a linear relation betwéen
andk,,we can write a pde for this reduced model.
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Equations for reduced model

We'll call the near-zonal "S",and the modes outside the-zeaal "P".Now
all the interactions we’ll have are (S,P,P),(S,S,P),8,a8nd (P,P,P).Since
there is no triad that can make (S,S,P),we won'’t considerahe.

Now if we consider (S,S,S),the equation in Fourier spackbeil

STRab(E)= > S 3 G (Pl He

keS —|—p—|—q _0P+deESPES,TES

Now denote, and; are the operator constraint in near-zonal and
outside-zonal.The case we’ll consider will be (S,5+P,S+P)

Oy V20U + s + B0,V + Jo (U, V20) = vViT,
O, V2 + B0,V + 2 (J(Vg, V2U) + J (U, V2U,)) = vViU
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Numerical Simulation

For the numerical simulation ,we’ll use
« Consider the equations #r x 2wbox
« We will start with zero initial condition
- We’'ll add random white noise forcing in the

range73 < k < 77 for 3842 Fourier Modes.
exp(—0.5(k — kf)?)
(27)1/2

F(k) — €

« We’'ll add hyperviscosity at small scales.
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plots

At the beginning,we start with the sector with

sizer /6.Defined = (sizeofsector)/(Rh),Now we’'ll
see the case for (S,S+P,S+P) for Rh=0.3,and
0 = 1.5(Rh=0.5 for western Atlantic)

This is the total energy vs time for reduced model(blue) atidiodel.From
the plot,we can see the reduced model can gain more enemyyulha
model.But for all later plots,we’ll consider the one-timlefat the same time
lever,say 350 turn-over time. A Reduced Model for Rotational Flows —p.



plots

Energy of maximum zonal averaged velocity VS
time.West:Red,East:East.Left:reduced
model.Right:full simulation.
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Zonal averaged velocity at t=350.
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This plot is the contour of the stream function at
1=350.
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Conclusion

As shown In the plots,for (S,S+P,S+P),its large sce
behavior is same as the full model with forcing.Anc
looking at the zonally averaged velocity,we can se
the westward velocity is larger than the eastward
velocity which is an important behavior for beta-pl:
equation
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Thank you!
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