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Good News:

We know the processes that are responsible for sratospheric 

turbulence: wind shear and gravity-wave breaking.

Bad News:

1.  Current forecast models cannot resolve them.

2.  Resulting turbulence is challenging to model (layered, 

non-stationary, anisotropic, inhomogeneous, fossil events 

precondition future events, gravity waves provide non-local 

unresolved momentum transfer).
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a. Model gravity-wave generation, 
propagation, and breakdown using 
  an upgraded version of MWFM.

                    b. Make probabilistic
                    estimates of turbulent-
                     layer properties.

                         c. Do both a and b. 
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Sources of Stratospheric TurbulenceADA tasks:   1. Predict likelihood and nature of turbulence outbreaks

      2. Estimate impact on resolved-scale dyamics
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Wave clouds over Ireland & Scotland, 2003 (Aqua MODIS, NASA/GSFC)
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Convection induced waves over the Indian Oean, 2003 (MISR, NASA/GSFC/LaRC/JPL)
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Noctilucent Clouds, Kustavi, Finland, 1989 (photo by Pekka Parviainen)

NLC Images
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Kelley, Chen, Beland, Woodman, Chau & Werne, GRL (2005)
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3km Deep Mixing Layer Triggered by a Gravity Wave
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3km Deep Mixing Layer Triggered by a Gravity Wave
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Unresolved Gravity Waves:  Are They Important?

66

December 29, 1997

Jet Hits Turbulence; 110 Hurt and 

a Woman Dies

A United Airlines jumbo jetliner with 

393 people aboard hit severe air 

turbulence over the Pacific Ocean on 

Sunday night, killing one Japanese 

woman and injuring 110 other 

passengers.

Passengers and serving carts were flung 

to the ceiling as the plane dived 1,000 

feet when it flew into the turbulence at 

33,000 feet, officials said.

The plane, flight 826 bound for Honolulu 

with 374 passengers and 19 crew 

Examples mentioned previously all involve gravity waves:  

  - DC-8 cargo plane with missing engine and 12’ of wing.

  - U2 incidents involving aborted missions, loss of aircraft and 
    death of a pilot.

  - Woman killed on United flight over the Pacific Ocean when
    the aircraft dropped 1000 feet. 

Gravity waves also play important roles in atmospheric dynamics:

  - The mesopause (~90km altitude) is colder in the summer
    than in the winter as a result of meridional circulations forced by
    overturning gravity waves.

  - Gravity waves also play an important role in the quasi-biennial
    oscillation (QBO), a quasi-periodic oscillation of the zonal wind
    with a period that varies from 22 to 34 months.  
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behaviors accompanying gravity waves throughout the
middle atmosphere.

[4] More recent studies have yielded a more detailed
understanding of middle atmosphere gravity waves on
many fronts. In situ, ground-based, and space-based
observational studies have contributed greatly to our
knowledge of gravity wave scales, amplitudes, fluxes, and
spectra. They have also addressed instability dynamics,
vertical propagation, variations with altitude, and sea-
sonal and geographic variability. Recent theoretical and
numerical studies have addressed source characteristics
and scales, spectral character, evolution, and energy
transfers, instability dynamics, wave–wave and wave–
mean flow interactions, and the implications of various
parameterizations for atmospheric circulation and struc-
ture.

[5] Our purpose here is to review the contributions
since 1984 that have led to our more advanced under-
standing of middle atmosphere gravity waves and their
effects. In doing so, it will be impossible to cite all of the
work that has been published. Instead, we will restrict
ourselves to what we consider to be the more significant
contributions in each area. We also will note, on occa-
sion, where errors in interpretation have occurred and
where debate over observational or theoretical implica-
tions continues to allow the reader to steer clear of
mistakes and identify topics of current interest.

[6] We begin by reviewing the linear inviscid theory of
gravity wave propagation as well as departures due to
nonlinearity, dissipation via wave breaking, transience,
localization, and variable environments, in section 2.
Sources, propagation, and scales relevant to the middle
atmosphere will be addressed in section 3. Spectral char-
acter and evolution, including evidence for and against
universality, are reviewed in section 4. Section 5 summa-
rizes what is known of gravity wave climatologies and
their implications for sources and effects. Gravity wave
interactions, instability dynamics, and wave-breaking or
saturation processes are examined in section 6. Sections
7 and 8 describe efforts to parameterize gravity wave
effects to date and their implementation and effects on
the large-scale circulation and structure of the middle
atmosphere. Our summary and recommendations are
presented in section 9.

2. EQUATIONS OF MOTION

[7] Atmospheric gravity waves can frequently be de-
scribed with a simple linear theory that treats them as
small departures from a stably stratified background
state varying only in the vertical. The restoring force for
gravity wave oscillations is the buoyancy that results
from the adiabatic displacements of air parcels charac-
teristic of these disturbances. Here we outline a general
gravity wave solution to the linearized forms of the
fundamental conservation equations. We then discuss
the simpler forms of the dispersion and polarization

relations that result when limited portions of the possi-
ble gravity wave spectrum are considered.

2.1. Linear Theory
[8] We begin with the fundamental fluid equations in

Cartesian coordinates (x, y, z) that follow from conser-
vation of momentum, mass, and energy [e.g., Holton,
1992]:

du
dt ! fv "

1
!

"p
" x # X , (1)

dv
dt " fu "

1
!

"p
" y # Y , (2)

dw
dt "

1
!

"p
" z " g # 0 , (3)

1
!

d!

dt "
"u
" x "

"v
" y "

"w
" z # 0 , (4)

d#

dt # Q , (5)

where d/dt represents a total, or advective, derivative;
(u, v, w) is the fluid velocity vector; and the terms X, Y,
and Q represent unspecified forcings that could include
wave-driven forces and diffusive mixing effects accom-
panying wave dissipation. The remaining symbols have
the usual meanings: p is pressure, ! is density (!
# !0exp[$%z ! z0&/H] with !0 # !%z0) the density at ref-
erence level z0 and H the scale height), and f # 2'sin( is
the Coriolis parameter (where ' is the Earth rotation
rate and ( is latitude). These five equations plus the
definition of potential temperature #,

# #
p

!R !p0

p " )

, (6)

define a complete set describing inviscid fluid motions.
Here p0 # p(z0), R is the ideal gas constant, and )
# cp/cv is the ratio of specific heats at constant pres-
sure and constant volume. Here # represents the tem-
perature a parcel of air would have if lowered adia-
batically from p to p0.

[9] The unforced forms of equations (1)–(6) linear-
ized about a horizontally uniform hydrostatic basic state
with background wind %u! , v̄, 0&, potential temperature #̄,
pressure p! , and density !! varying only in z are

Du*

Dt " w*
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" z ! fv* "

"

" x !p*

!! " # 0 , (7)

Dv*

Dt " w*
"v!
" z " fu* "
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!! " # 0 , (8)

Dw*

Dt "
"
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!! " !
1
H !p*

!! " " g
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!!
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D
Dt !#*

#̄ " " w*
N2

g # 0 , (10)

3-2 ● Fritts and Alexander: MIDDLE ATMOSPHERE GRAVITY WAVE DYNAMICS 41, 1 / REVIEWS OF GEOPHYSICS

What is an internal gravity wave?

equations of motions for a compressible, rotating atmosphere

ρ = ρ0e
−(z−z0)/H

u(z) v(z)mean state:
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What is an internal gravity wave?

solving linear perturbation equations in the WKB approximation gives:
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θ′

θ
,
p′

p
,
ρ′

ρ

)
= (ũ, ṽ, w̃, θ̃, p̃, ρ̃) exp [i(kx + ly + mz − ωt) + z/(2H)]
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What is an internal gravity wave?

solving linear perturbation equations in the WKB approximation gives:
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)
= (ũ, ṽ, w̃, θ̃, p̃, ρ̃) exp [i(kx + ly + mz − ωt) + z/(2H)]

wave amplitude 
grows with z
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What is an internal gravity wave?

solving linear perturbation equations in the WKB approximation gives:

(
u′, v′, w′,

θ′

θ
,
p′

p
,
ρ′

ρ

)
= (ũ, ṽ, w̃, θ̃, p̃, ρ̃) exp [i(kx + ly + mz − ωt) + z/(2H)]

1 Gravity Waves

1.1 Dispersion Relation

ω̂2 =
N2(k2 + "2) + f2(m2 + 1

4H2 )
k2 + "2 + m2 + 1

4H2

or m2 =
(k2 + "2)(N2 − ω̂2)

ω̂2 − f2
− 1

4H2
(1)

1.2 Polarization Relations

p̃

ω̂2 − f2
=

ũ

ω̂k + if"
=

ṽ

ω̂"− ifk
=

w̃(m + i
2H )

ω̂(k2 + "2)
=

θ̃ gi (m + i
2H )

N2(k2 + "2)
(2)

1

where                                      is the wave’s intrinsic frequency.ω̂ = ω − ku− lv
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What is an internal gravity wave?

solving linear perturbation equations in the WKB approximation gives:

note:    1. evanescence (internal reflection) when m2 < 0

2. critical levels (wave/mean-flow interaction)
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What is an internal gravity wave?

solving linear perturbation equations in the WKB approximation gives:

(cgx, cgy, cgz) =
(

∂ω

∂k
,
∂ω

∂l
,

∂ω

∂m

)

= (u, v, 0) +
[
k(N2 − ω̂2), l(N2 − ω̂2),−m(ω̂2 − f2)

]

ω̂
(
k2 + l2 + m2 + 1

4H2

)

(cx, cy, cz) =
ω

k2 + l2 + m2
(k, l,m)

group velocity:

phase velocity:
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Wave / mean-flow interaction

critical-level absorption

cg, m, ω̂

cg, m, ω̂

wave amplitude grows with 
near critical level and breaking 
occurs, with wave depositing 
momentum into background, 
accelerating the low-level winds.

ω̂−1

wave amplitude grows with z,
eventually leading to nonlinear 
effects and turbulence, depositing 
momentum into the mean flow, 
decelerating the upper level winds.
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wave amplitude grows with 
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occurs, with wave depositing 
momentum into background, 
accelerating the low-level winds.

ω̂−1

wave amplitude grows with z,
eventually leading to nonlinear 
effects and turbulence, depositing 
momentum into the mean flow, 
decelerating the upper level winds.

The net effect is to act to 
reverse the mean shear.
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Wave / mean-flow interaction

critical-level absorption

cg, m, ω̂

cg, m, ω̂

wave amplitude grows with 
near critical level and breaking 
occurs, with wave depositing 
momentum into background, 
accelerating the low-level winds.

ω̂−1

wave amplitude grows with z,
eventually leading to nonlinear 
effects and turbulence, depositing 
momentum into the mean flow, 
decelerating the upper level winds.

The net effect is to act to 
reverse the mean shear.

8

Quasi-biennial oscillation

• an oscillation of the zonal mean zonal

winds in the equatorial lower stratosphere

with a period varying from 22 to 34 months.

(Radiosonde observations from 1953-2003)

• the QBO is a wave-driven

phenomenon.

• the original theory proposed

by Holton and Lindzen (1972)

assumes that equatorial

planetary waves provide the

wave driving.

• Dunkerton (1997)  showed

that in the presence of tropical

upwelling planetary waves

were not enough; he proposed

that gravity waves provided

the additional wave driving.

Radiosonde observations from 1953-2003

This process operates in the QBO - an oscillation of the mean zonal wind 
in  the equatorial lower stratosphere with a period from 22 to 34 months.
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Wave / mean-flow interaction

5

Observed Temperature (January)

“Radiative” Temperature (January)

Cold Summer Mesopause

150K

220K

Cooling is due to adiabatic

ascent in the summer pole

that results from an

eastward force exerted by

breaking gravity waves:

- the eastward force

generates an

eastward wind that is

deflected toward the

winter pole by the

Coriolis force.

- conservation of mass

then implies ascent at

the summer pole.

from Fels (1987)

Wave / mean-flow interactions 
are also important in the 
mesopause region (~90km).

The summer mesopause is 
70k colder than the winter 
mesopause, and also 70K 
colder than radiative 
equilibrium temperatures.

Adiabatic cooling and residual 

circulations driven by gravity 
waves are responsible. 
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Modeling unresolved gravity-wave effects

Waves contribute organized, coherent motions that can have important 
dynamical implications.

During field experiments, meso-scale simulations of stratified dynamics often 

hint at mountain wave initiation, but subsequent evolution is severely 
damped.

In practice, an astute operator will forecast wave dynamics and turbulence 
to caution aircraft making field measurements, but not because WRF (MM5) 
predicted it, but rather because waves were briefly glimpsed before 
unphysically damped by the forecast model.

How to include waves (or, how to put them back) ...
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Linear, 2D MWFM-2 response

MFWM-2 assumes a 2D ridge and 
linear, hydrostatic MW propagation. 

(Eckermann et al., 2004)
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Linear, 2D MWFM-2 response

MFWM-2 assumes a 2D ridge and 
linear, hydrostatic MW propagation. 

(Eckermann et al., 2004)



(Linear waves computed by ray tracing)

m2 =
k2

HN2

ωIr
− k2

H −
1

4H2

!k = (k, l,m) k2
H = k2 + l2 ωIr = ω − kU − lV

Linear, 2D MWFM-2 response



(Vadas and Fritts, 2001)

Convective plume parameterization: 

Vertical Body Force Model

Vertical Body Force:

!" Exact solutions to the linearized f-plane 
fluid, non-dissipative equations using 
Laplace transforms

GW solutions are in Fourier space at time t



Fourier transform of solution:

Now take Laplace 
transform of equations, 
solve linear equations, then 
take inverse Laplace 
transform.  Solutions are a 
function of k,l,m,t.

Body Force and Heating GW solutions



Modeled GWs from mesoscale convective complexes (MCCs) modeled as vertical body forces 

(Vadas and Fritts, 2004)



Response from modeled body forces:

! Deep, tropical convective systems 
efficiently excite GWs

! GWs radiate as concentric rings 
upwards and away from convective 
cells in 3D nonlinear numerical 
models   (Piani et al, 2000; Lane et 
al, 2001; Horinouchi  et al, 2002)

(Vadas and Fritts, 2004)X (km) X (km) X (km)

z=25 km Z=50 km

Vertical velocities of GWs 30, 60, and 90 min after convective initiation



Response from modeled body forces:

! Deep, tropical convective systems 
efficiently excite GWs

! GWs radiate as concentric rings 
upwards and away from convective 
cells in 3D nonlinear numerical 
models   (Piani et al, 2000; Lane et 
al, 2001; Horinouchi  et al, 2002)

(Vadas and Fritts, 2004)X (km) X (km) X (km)

z=25 km Z=50 km

Vertical velocities of GWs 30, 60, and 90 min after convective initiation

Extends MWFM formalism to 
3D for transient 3D topography
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resolved by NWP or secondary model

Estimate with ensemble runs 
or knowledge of F uncertainty

[ A , F ] =
Z ∆

0
[ A | F , Y ] [ F | Y ] [ Y ] dY +

Z ∞

∆
[ A | F , Y ] [ Y | F ] [ F ] dY

79

Bayesian SGS Modeling
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resolved by NWP or secondary model

Estimate with ensemble runs 
or knowledge of F uncertainty

[ A , F ] =
Z ∆

0
[ A | F , Y ] [ F | Y ] [ Y ] dY +

Z ∞

∆
[ A | F , Y ] [ Y | F ] [ F ] dY

79

Bayesian SGS Modeling

Fourier-Laplace method permits fast, accurate 3D linear wave propagation for transient 
linear sources.  Vertical velocity at 22 km above specified convection cells 30, 60, and 
90 minutes after excitation.  Vadas & Fritts (2004).

Fourier-Laplace GW propagation
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resolved by NWP or secondary model

Estimate with ensemble runs 
or knowledge of F uncertainty

[ A , F ] =
Z ∆

0
[ A | F , Y ] [ F | Y ] [ Y ] dY +

Z ∞

∆
[ A | F , Y ] [ Y | F ] [ F ] dY

79

Bayesian SGS Modeling

Fourier-Laplace method permits fast, accurate 3D linear wave propagation for transient 
linear sources.  Vertical velocity at 22 km above specified convection cells 30, 60, and 
90 minutes after excitation.  Vadas & Fritts (2004).

Fourier-Laplace GW propagation

Prescribed wave-saturation conditions permit 

prediction of turbulent-patch locations
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Modeling unresolved gravity-wave effects

Wave saturation model:

if wave grows above critical 
amplitude, reduce amplitude to 

marginal convective instability

∂T

∂z

Critical wave with A=1

Turbulent KE resulting is 
equal to wave KE reduction.
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Gravity-Wave Breaking Simulation
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Gravity-Wave Breaking

Re=104   Pr=1   A=1.1

2400 x 1600 x 800
3D volume rendering via ezViz
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Gravity-Wave Breaking

Re=104   Pr=1   A=1.1
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3D volume rendering via ezViz
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Gravity-Wave Breaking

Re=104   Pr=1   A=0.9

2400 x 1600 x 800
3D volume rendering via ezViz
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Gravity-Wave Breaking

Re=104   Pr=1   A=0.9

2400 x 1600 x 800
3D volume rendering via ezViz
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A=0.9A=1.1 3D volume rendering via ezViz
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A=0.9A=1.1 3D volume rendering via ezViz
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A=0.9A=1.1 3D volume rendering via ezViz
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GW Breaking SimulationsA=1.1 A=0.9
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Hi-Res Wind-Shear Simulations: DNS-LES Comparisons

A=1.1 A=0.9

Ri〈!2〉〈u2〉
   〈v2〉〈w2〉

", #

-〈uw〉$zU
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Hi-Res Wind-Shear Simulations: DNS-LES Comparisons

U

Ri-1/2!
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Hi-Res Wind-Shear Simulations: DNS-LES Comparisons

1. Amplitude drops by 70% for both A=1.1 AND A=0.9 for 72° wave (N/3.2).

2. Preliminary result: A=0.9 does not budge for 84° wave (N/10).
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Conclusions

1. Gravity waves are important often-unresolved processes in NWP models.

2. GWs engender turbulence and couple to mean flows when overturning and breaking occurs..

3. Gravity wave breaking results after amplification in the atmosphere due to a) critical-level 
absorption and b) upward propagation.

4. The effects of GWs are estimated by linear wave-propagation codes operating on NWP output 
that does not resolve them explicitly or accurately.

5. Nonlinear effects must be modeled in wave-propagation codes, and currently convective 
instability is used as the criteria of choice.

5. DNS results for turbulent GW breaking indicate that convective instability under-predicts the 
degree of wave saturation.

Ongoing Work

1. Explore wave saturation as a function of wave parameters.
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