A Implicit-Explicit Time Stepping
Argonne Methods for Multiphysics

NATIONAL

Problems

... for a brighter future

Emil Constantinescu™ and Adrian Sandu*

4 "Argonne National Laboratory, Math and Computer Science
& W) US: Department *Virginia Tech, Department of Computer Science

5 of Energy

The Institute for Mathematics Applied to Geosciences
Theme for 2009: The Interaction of Simulation and Numerical Models
August 18-20, 2009; Boulder, CO




Outline: Implicit-Explicit Time Stepping Methods for
Multiphysics Problems

m The need for high-order methods
m |[Mplicit-EXplicit (IMEX) time stepping for multiphysics problems
m Extend classical extrapolation methods to extrapolated IMEX

m Introduce three new very high-order IMEX methods for ODEs,
DAEs, and PDEs

m Analyze linear stability and consistency

= Implementation.considerations for multicore architectures




The need for high-order time stepping

m The order of convergence & stability play an important role in efficiency
m The focus is placed on high-order methods with large stability regions
m Representation of normalized asymptotic convergence rates:
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Problems with processes that can be informally categorized
according to their dynamics into fast (stiff) and slow (nonstiff)

= Problem:  y'(t) = F(t.y). F(t,y) = f(t.y) +9(t.y). t = to, y(to) = yo

= Additive partition:  y'(t) = £(t, (1)) + §(t, (1)), £ > 0, y(tg) = yo

1
— = —uVy+ =V(pKVy) #¥<C(py) (advection-diffusion-reaction)

stiff (fast) component

nonstiff (slow) component
time step larger than characteristic time

= Explicit methods are effective for slow processes b/c of low cost

= Implicit schemes are more efficient for fast processes b/c of stability considerations

= IMEX are more efficient for problems with both stiff and nonstiff components




IMEX methods for differential equations with stiff and

nonstiff components
y'(£) = f(t, y() + gt y(t), t >0, y(to) = Yo
= Multistage (Runge-Kutta) IMEX: difficult to construct

i—1 3
Yi=yn—1+ AtZ a”f(Y}) + AILZaUg(}/})
j=1

j=1

Y = Y1+ ALY b f(Y) + ALY big(Y))
Jj=1

j=1

= Ascher-Ruuth-Spiteri (ARS) [1997]
= Pareschi-Russo (PR) [2000]
= Kennedy-Carpenter (ARK)[2003]

= Linear multistep IMEX: stability restrictions

Un =D a5yn—j + ALY bif (acs) + ALY big(yn—)

= Ascher-Ruuth-Spiteri [1995]
= Hundsdorfer-Ruuth (IMEX-BFD) [2007]
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High-order IMEX Runge-Kutta methods are very difficult

to construct

ARK5(4)8L[2]SA - ERK

4] 0 0 0 0 0 0 0 0
.
= Fifth order IMEX A o+ -
| A o 0 0 0 0 0 0 0
2935347210677 267902744464 677623207551
Ru nge_Kutta method 11292855782101 2072280473677 8221143866562 0 0 0 0 o o
1426016391358 0 0 0
with embedded fourth . 0 U 0 0 U U
e e e Ou 92 66114435211212 —54053170152839 . .
100 0 5870400580005 1284708021562 0 0 0 0
Order 24 14090043504691 0 15191511035443 —18461159152457 —281667162811 0 0 0
T00 2496701212078 T1219624916014 T2425802160875 G011619295870
a 19230459214898 0 —38145345988419 =1 =1 0 0
B 121342175260959 1862620818722 B B
1 0 177454424618887 —68562011059811 7356628210526 0
T2078138498510 GEA65R0631205 1042186776405
b 0 0 22248218062261 —1143369518992 —30379526780620  22727282224388 1
: 95558587, 8111816002921 19018526304540 12900044865799 200
3 —975461918565 0 0 78070527104295 —548382580828 200801594
: TAB05096 7033 32432530147079 F121219808620 56183773603
0 0 0 0 ] 0] 0 4] 0
41 4 41
100 200 200 o o 0 o 0 0
203534731067 4 —567603406766 1
T1292855 82101 701 TI031857280679 200 0 o o o 0
n |p||C|t part 1426016291358 85636431 41
7106622302037 20207686 0 200 0 0 o 0
92 16520224154 0 20586259806650  —22760509404356 41 0 0 0
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100 1489978293911 5436446218841 5321154724896 8022461067671 200
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5 37 10353407 5 5509 ERA6B50502534 TE27059040749 200
1 0 0 —1143268518992  —. 9526789629 272 1
E141816002051 19018526204540 125000448 200
b 0 0 —1143260518092  —39370526789629 23 82324388 1
[Kennedy and 4 141816002931 10018526204540 42000044865700 200
Carpenter 2003] By 0 0 TROT0527104295 —548382580838 33428840321285 2620800801504 4035322873751
i 3432580147079 124210808623 T5594753105479 T6561R37 72603 TR5 75891585200
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Extrapolated IMEX methods can be used to efficiently
Integrate multiphysics problems

= Problem: y’(t) = ft,y®) + gt y@), t >0, y(to) = Yo order p
./ order p+1

Y(E) = Yar(t) = epra () AP+ o en(F) AEY + Eng(h) AN 0 Ty Xorder p+2
To1 =1 /
= Extrapolation methods (easy construction) [Gragg, 1964]: / I3 i'T\zm\Tga
Tif="Ti1k At; = AT/n]
(ni/ni-) -1 n;=1,2,3,4,.

Tz',1 = yAt,'(tO + AT) , = Tj,k+1 - Tj,k +

t

= “Base” methods:
| [Explicit] y"™*' = y" + At f(y") + At ¢(y"),
= Extrapolation:
[L-Implicit] yj’”l =y + [I - At(f + Q)( ] (At f(y") + At g(y™)) ,
[W-Method] '™+ = v + [I - At g’ (v")] ™ (Atf )+ At g(y")
= Extrapolated IMEX  [IMEX] y"*! = " + At f(y") + [I - At ' (y")]™" (At g(y™),
ly

[Split-IMEX el v+ [I-Atg y”)]_ (Atg(y)); v =y"+ At f(y")




Implementation of the proposed extrapolated IMEX schemes

= Problem: y'(t) = f(t, y(t)) + g, y()), t > 0, y(to) =

order p
,/ order p+1

T1q Xorder p+2
Tin = yan(to + AT), I ?\'/
> 13

T',k — T'—l,k —
ARAR AR T31 T32 T33 T]',k-}-l _ T],k n ] / 1’1] = ]., 2, 3, 4:,
(n]-/n]-_l) -1
y"tt =y + [ - Atg N (ALFY) + At (YY), = Note: the Jacobians are

evaluated once

y”“=y”+Atf =AY (Atgy"),
Y=y + 1= Atg NTUAL YY) 5 Y =yt ALF(Y)




Linear stability analysis for IMEX methods

m Classical linear stability: y'(t) = Ay(t); " = R(IAAL) y"; |[R(AAL)| < 1

[nonstiff] [stiff]
m IMEX linear stability: y'(t) = Ay(t) + py(t), t >0, y(to) = yo, IRe(u)| > |Re(A)l

Y = RAAL uAt)y" S={zcC,weC:|R(zw)| <1}

Explicit stability region Implicit stability region

| | | | |
wn b w N - o -+ n w +~ wn




Yo, [Re(u)l > [Re(A)l

(to) =

Yy

4

= Ay(t) + uy(t), t >0

(t)

Linear stability analysis for the proposed extrapolated

IMEX methods
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Consistency analysis of extrapolated IMEX methods for
stiff problems

= Perform a change of variables: 1’ = f(x,u)+ g(x,u) withu=y+e¢z

W+ ezl =u’

{y’:j@,z):f(y+ez) with { y+ez=1u
ez =gq(y,z) =gy + ¢€2) (y+ez) =’

= IMEX (SPP) ODE: [y ] =[f(y’z)]+[g(0 ]

NS o ’ .2
. | | fwe 0

= DAE (index-1): ( J ) _( £ )+( )

i 0 0 )\ st

g- is invertible

= The consistency analysis is done through the expansion of the global error




Asymptotic expansion of the global error for the extrapolated
IMEX methods applied to DAEs

= The W-method, Pure-IMEX, and Split-IMEX schemes have global error expansions:
M
yi—y(t) = Z At (aj(t) + ) )+ O (AtMH)

zi—2(t) = Z AH (bt + B)) + O (A1)
numerical approx. Kc:tsvolution smooth T T
after i steps functions perturbations

= The extrapolation method cancels the smooth coeff. a, b; but not the perturbations

= \W-method: » Pure-IMEX scheme: = Split-IMEX scheme
=0,a?=0,p" =0, Viz0, a®=0,pV=0,Vix1, aﬁ”=0,a(.2)=0,ﬁ§”=0,Vizo,
53)—0,49«54)— P =0, Viz 1) aV=0,¥i>0, o) =0,p7=0,vi>1,
V=0, vizj-3,j>5, a =0, 7 =0,Viz2, P=0,Vizj-2,j24,

P=0,vizj-1,j>3.

a.
BV =0,Vizj-2,j=3. o =0,vizj-1,j>4, Bi
pl=0,Vi>j, j>3.




a

W=0,a%=0,p"=0,vi>0,
o =0,p7=0,vix>1,

Asymptotic expansion of the global error for the extrapolated
Split-IMEX scheme applied to DAES

= Extrapolated Split-IMEX: v =y + [I = Atg'(y")] (Atg(y )5 ¥ = y" + At f(y")

[ I 0 ] [ Yiel = Vi ] _ At[ f (i z2) ]
—-Atgy(0) —Atg.(0) Zisl — Zi 9 (yi + Atf(yinzi)zi) — Atgy(0) f (i, zi)

= Accuracy Split-IMEX/. Y — y(to + At) = O (AT'¥) , Zi —z(to + Af) = O (AT")

entry jk in the
extrapolation tableau
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Theoretical local extrapolation orders for linearly implicit, W-
IMEX, Pure-IMEX, and Split-IMEX methods for index-1 DAEsS

Orders (r;i) for component y;i for Linearly implicit| W-IMEX| Pure-ITMEX|Split-IM EX

. 221212 313123

s 221212 3131213 4/3|13|3

4 2020202 313123 43133  5|4|3/4

s 221212 3131213 431313 5/4/44 55|34

6 222]2 3[3[2|3 4131313 541414 B|9[4|5  6]5|3)4

7 2]202)2 3/3/2|3 4133[3 541414 5]5/55  6|6]4)5 65|34

s 2]20202 313/2|3 4133[3  5l4l4/4  5]5/85  6(6]56 7645 6]5]3]4
o 2/2/2/2 3/3/2|3 413|3]3  5|4[4/4 15195 66|6/6  T|7|5|6 © 7|6]4]4  6|5|3]4
o 220202 3/3/2|3 413|3]3  5|4[4/4 51515 6|6|6]6  T|T|6)7 - 87|5/6  7|64]5  6]5]3]4

no 221212 3[31213 4)313[3 5l4[4/4
2 221212 3[31213  4)313[3  5[4[4/4

1 2 3 4

6/6/6]6  7|77TI7 88|67 8|7|5/6  7T|6]4]5  6]5]34
6/6/6/6 7777 8I8|7I18 98|67  8|7|5/6  7|6]4]5  6]5]34
6 7 8 9 10 11 12

Orders (s;i) for component zj for Linearly implicit| W-IMEX| Pure-IMEX| Split-IMEX

C 2212 00 w00 W) 10 T 0 e KO KT W B

2 22012 2|12/12|12

s 22012 2121212 3|3/12|3

. 202012 2121212 33133 . 4]4/2|3

s 22012 2|2(2|2 3131313 4l4/3/4.  4|412]3

6 2212 2(2|2]2 313(3[3° 44|44 55314  4/4]2|3

7 22012 2|2(2|2 313[3[3 44|44 - 5[5(45  DB[D[3|4 44|23

s 22012 2|2(2|2 333[3 ~ <4l4lal4  5[5(9]5 6|6[4]d  5|5/3]4  4[4]2[3

o 2[201)2 2|2/2]2 313[3(3 . 4l44l4  5[5(9)5  6/6/5/6  6|6]4]5  5[5(3]4 4423

o 22012 2|2|22 31313137 Al4)414 55|55 66|6]6 77|56 6]6]4]5  5|5[3]4  4[4]2|3

o 202012 2|2|22 3131313 44414 55|55 66|6]6  7|7|6|7  T|7|5/6  6|6/4]5  5[5[3]4  4]4[2)3
2 2[201)2 2|2|22 3131313 44414 55|55 elel6le  7|7|7)7  8I8|6|7 7|75/6  6[6]4]5 5[5|3]4 44|23
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Example of nonlinear DAE index-1 solved with extrapolated Split-
IMEX extrapolation method

= DAE example: /- Y = f(y,2) = exact solution:
_1)'2
z4l= — 1
“ 1 () = sinh(t), z(t) = tanh(t)
0 = 2-rlioyp(3-1) =g
T+ V2 8(y,2)
— L2 2
8 2 3 2 2
= 0 ’
o o . 2 3 3 2 2 3
8 B s 2 3 3 4 2 2 3 3
e
- s 2 3 3 4 4 2 2 3 4 3
s 2 3 3 4 5 4 2 2 3 4 4 3
120 120
» . 19 430 » 20 20
L v s 19 30 3.0 s 22 20 30
gg + 20 30 29 40 + 18 20 29 30
= s 20 3.0 3040 40 s 19 20 29 40 3.0
= s 20 30 30 39 49 40 ¢ 19 20 29 39 40 31
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Asymptotic expansion of the global error for the extrapolated
IMEX methods applied to ODEs

" ODE SOIVed W|th ( I 0 ) ( Yi+1 — Y ) _ At( f(y?zz) )
extrapolated W-method: \ —Atg,(0) eI —Aig.(0) - g -

e < At
= Perturbed expansion: v = y(z:) + AtaV) (2;) + Al (2;) + O(A)—
—it1
- L0 O30 0) (a0 +a2830))

zi =zbos) + AtNED) + A2 () + O(AE)—

)
(1— —q.( ) Atb(l) ) + At2b(2)(0)) :

a(0) = O(=At), a@(0) = O(AL), bV (0) = Oe), b2 (0) = O(1)

= Same orders as obtained for DAEs, but with an extra O (s?) term




Asymptotic expansion of the global error for the extrapolated
IMEX methods applied to ODEs

10°
107 g
= ODE (van der Pol): ¢ =10-° :
107}
B ARK3(2)4
y’ — A —(Z>—|-( 0 ) 5106_ .r’
2 = 2 0 ’
ez = (1_9)2’_9 0 (1_9)2_9 = ARK5(4)8 .
¢ /
107"° S
/AHK4(3)6
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Efficient implementation considerations

embedded
method
1 2
m Extrapolation methods can accommodate: . 2 3 .
variable order
— very high accuracy ¢+ 2 3 2
] s 2 308 4
- variable orders . o (5 > d
—~ lower order embedded approximations « 293 3 4 5 4
for error control "2 3 3 4 5 5 4
. . . . . s 2 3 3 4 5 6 5 4
m Each approximation in the first column is 3 3 4 s 6 6 s
independent: 2 33 4 5 6 7 @ A
— parallelize easy e
first column is
expensive >
Ti1 = yay(to + AT) the rest are very cheap
Tir—Ti_
Ji j=1k
Tj,k+1 - Tj,k +
(71]'/71]'_1)—1

A
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Very high accuracy experiments with an advection-reaction
PDE problem

m Advection-reaction PDE example:

Yt +ta1y>: = —Fky+Fkez+ s O<e <l &1:1,161:106,81:0
gz, = ky—kez+s2 T O 0<t<tpax a2 =0,ky =2k, 50 =1"

y(x,0) = 1+ ssz, 2z(x,0) = ,’z—;y(:c,()) + k—1252, y(0,t)=1 — sin(12¢)4

r; = iAx, i = 1...m with Ax = 1/m, m =400

)

m Global orders (W-|Pure-|Split-IMEX): o

1.5
1.0/1.01.0 2
1.0[1.0]1.0  2.0[1.0/2.0 8 T [\ [\ || T
1.0[1.0/1.0  2.0|1.0[2.0 3.0[1.9/3.0 E ~ [
1.2|]1.0]1.2  2.0[1.0|2.0  3:0}2.0|3.0 4.0{2:0]4.0 Tos| [N s
1.0/1.0/1.0  2.0]1.02.0 3.0/2.0]8.0 ~.4.0[3.0[4.0  5.0[2.0/5.0 LA

0 0.2 0.4 0.6 0.8 1
Space, m=400




Very high accuracy experiments show the method robustness

m Advection-reaction PDE example:

Ut o1y, = —Fky+Fkez+ s O<ae <1 oq:l,klleﬁ,sl:O
Zt Q9 Z, = kly—kQZ—l—SQ 0 <t <tmax (1220,]{2:2]{1,82:1’

m Advection-reaction convergence: Comparison among IMEX-BDF, ARK, and
extrapolated IMEX up to order 18 on (one and eight cores)

— '

-6-ARK ¥ 1A]! -6~ ARK
-A- IMEX-BDF ' - 1072 -A- IMEX-BDF
s ||=Split-IMEX Split-IMEX-1
107 | === Split-IMEX-8
Y = ?10_10_
s B = f’“ E
T - i}
- - o
¥i C :_,,
10 2 107
¥ »
T B S
107 107 107 10° 10 10°
Time step (A 1) CPU Time [sec]
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Conclusions

m Extrapolated W-, Split-, Pure-IMEX can be efficient integrators for

multiphysics problems
m Computationally less expensive than fully implicit methods
m Easy to construct and implement w/ favorable accuracy properties
m Embedded lower order approximations/variable order are automatic
m Applicable to ODEs, DAEs index-1, PDEs via MOL

m Easy to parallelize and suitable for multicore architectures
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