—-__=_= _";_' S S ——
S

Construction and Refformance of
Exponenti ‘ﬁtegrators

Mayya Tokman \érlght work with John Loffeld)
Universi% California, Merced

] O E




Outline:

» Motivation
» Why Exponential Integrators?

» Building Blocks for Constructing an Exponential
Integrator for General™Nonlinear Problems

< How are thé\methods constructed
< Order conditions
« Performance and adaptivity

> Conclusions and future work



General Nonlinear Initial VValue
Problem for System of ODEs:

&
dﬁy \{5 RN
- =) @*Q’y S
y(to) O@I] N >>1

Difficult to solve numerically when it is stiff!



What Is Stiffness? And Where Do We

Encounter It?
A

» There are many definitions of stiﬁ‘nO ; e.g.

Lambert’91: A problem is stiff Qp&a particular interval
If a numerical method is for ep\to use an excessively
small step size In relation@ he smoothness of the

solution. gﬁ

x &
» Stiff problems areoejﬁcountered In many fields, e.g.
O
Plasma physics
Combustion

Fluid Mechanics



General Nonlinear Problem:

dy
E = f (U)
Y (fﬂ) — Yo

y GR

{\ > 1

> stiff, where stn‘fnqs%can come from
either linear ORZnonllnear part of

f(@P= Ly + N(y)
» AtStuszzty << Atﬂccm"{wy

» no efficient preconditioner available for

Implicit methods.



Elementary Example:
2
1D Heat Equation 9% _ 97t

ot Ox? —21 ... 0-
Discretized in space ngb S _
dU A=-2apt o
dt * . . .
@‘0 0 ... 1 -2
Explicit scheme Implicit scheme

Un+1 Uﬂ. _]_Aﬁ Uﬂ+1 e +AAtUﬂ+1
Untt I+A2t)U" Umtt = (I - AAy)~HU™

But there i1s also exact solution!
b{ﬂ-—|— 1 _ f}_f'lﬂuf: (]-n.




Numerical Difficulties with Stiffness:

Eigenvalues of A place stability restriction on the time step
for the explicit scheme Ay > rk 2
e = — Csin( ))
(A:g{ 2(N +1)

pntl =\@P+ AADNU™
Stability requirement $">

@‘& }i.kﬂt‘ <1

S

Implicit scheme \Lsgﬁxponential Integrator

Explicit scheme

Ut — (I — AAD) U™ oo acionle

but...

U-n—l—l __ PA&tU-n




Implicit vs. Exponential schemes:

Since A is large we need to approximate

(I — AAY) ™ b= (I + (AAL) + (AAL)? +((@At) +..)b
or

b (AAt) (AAL)? A.w:)*l
edBth = (I+ T o (ﬁe@ )

Approximation method of %$ce for Iarge nonsymmetric
matrices is Krylov subs@é projection

Sk = Spg Kb\%) Ab, ..., A¥" )
(e.g. to invert the matrlx we can use GMRES or FOM)

Convergence of Krylov iteration to estimate f(A)b
depends on ||b||, eigenvalues of A and function f(x)!




Test problem — 1D Brusselator:

du; 2 Ui—1 — Uz F Uit

7l 1 +ujvi —4u; + o (e&*;\

T, . —9 .

ik S W udv; + qui=l — WS le, t=1..,N

dt )2
i

Jacobian matrix: @fb

diag(2uv; — 4 & iag(u?) a |L 0

- [diag(3—1&,-)'e§§> d'iag(—'uf)] T (Azx)? [0 L]

-2 1 ... 0

L=




Krylov Iteration convergence comparison:
Tolerance = 1E-5

e‘
oo (7 A 16 |(T Aty t| cABth | YBTAAL)D| Yra( AN
200 92 85 | 389 27 19
>
“Z'Sﬁ
400 187 | 17470 |5 38
x@%
800 382 CF)\‘>359 140 | 112 | 78

Similar result also holds for Jacobian calculatec

different times and for other examples.

at




Integrators for Nonlinear Problems:

» Building an integrator while mlnlmlzkn@the
number of Krylov projections &o\{"
o

N
> Order conditions derivatig&ffléutcher’s work
S)
{\Q

» Performance ar@@%‘aptivity



Integrators for Nonlinear Problems:

» Building an integrator while mlnlmlzkxt@the
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Building Exponential Integrators for

Nonlinear Problems:
, Df N
y = f(y) = flyo) + = (vo)(y — R(y)

Dy &O
R(y) = f(y) — f(yo) — == gc@(y Yo)

Denote the Jacobian matrlx
=Dy (:Un)

Use the integrating fact&(\% 140 10 compute the integral
form of the solution: C)O

hAy _

h4g

e

to+h
y(to+ h) =yo+ hf(yo) + / elto+h=5)40 p(o)(5))ds




Building Exponential Integrators:

ehAn _ tot+h %Qh \A
—_ —8& 0
ylto +h) =30+ ——hflw) + f & R(y(s))ds
<&
To construct an exponential method@nprommate R( ( ))
with a polynomial. @‘b

This results in a expression {gkan approximate solution which

Involves functions ? (1—8) gh—1
sals )_f A T

or their linear combinations, e.g.

1 '
w?k(z) — / ﬁil—a}z (i‘)) da
o ()



Examples of ElIs — EPIRK3 (Tokman’06):

Third-order scheme EPIRK3 - 2 Krylov projections




Computational Complexity of EI:

NOTE: Krylov projections accougt for the
majority of computational tlng‘I‘

Therefore to construct f|(:|ent El

» minimize num@@r of Krylov projections
needed each t@ﬁ?e step

> minimize the number of Iterations needed
for each Krylov projection



Computational Complexity of EI:

NOTE: Krylov projections accouqqt for the
majority of computational tqugél‘

Therefore to construct f|(:|ent El

» minimize num@@r of Krylov projections
needed each tuﬁe step

> minimize the number of Iterations needed
for each Krylov projection



Examples of EIs — Lawson scheme:

Q
ki = fn_Aﬂyn \{SQ(O
ki = f(Pt) Aﬂp‘l &O
Pi = BQhA y‘ﬂ-
3—1
=hz
=1

Fourth-order scheme LWS4 — 4 Krylov projections



Examples of Els — Hochbruck-Osterman:

Q
0@) = f@)-Ay &

ki = eMry, + £é1 (A, /2)hg(yn

ke = eltdny hA)hg(k
Uni1 = eMnydFd (hAn)hg(yn

+ COalBAn)h(g(k2) = Tg(yn) + 9(kD))

Fourth-order scheme EROW4 - 4 Krylov projections




Examples of Els — Hochbruck-Lubich:

ki = /61(hAn/3)f (vo ur = Yot hwr
ko = ¢1(2hAn/3)f(yo) d7
ks = \@1(hAn)f(yo) k7
wy = ———ki1+—Fk ———§z;k

7 73000t 1507 30033\
us = Yo+ hwa >

k

dy = f(yo) — hAn,‘lUg@ + KeT
ke =/ ¢1(hAn/3)ds \@9
k5 le (QhAn/g)dél 0&
I O

6

S 1 269 2

wy = —ki1— kot ——k3+ ;(ka+ k5 + ke)

300 75 300 3

Fourth-order scheme EXP4 — 3 Krylov projections




Examples of Els — Tokman:

Fourth-order scheme EPIRK4 — 3 Krylov projections




Computational Complexity of EI:

NOTE: Krylov projections accouqqt for the
majority of computational tqugél‘

Therefore to construct f|(:|ent El

» minimize num@@r of Krylov projections
needed each tuﬁe step

» minimize the number of Iterations needed
for each Krylov projection (work very much
In progress...)



What functions should we project?
1 z z"
ql)k(Z) — X | (”‘—|— 1) | &@—Fﬂ, - ...

Numerical experiments show that Oldl Iteration
convergence Is correlated Wlth Or Series convergence.

Consider a linear combma&%% of function
k @

@O-'i ) + axp2(z) + ar191(z)

with Taylor coefficients

pa(n) = (ni?’)!u ~ aa(n+3) — ax(n+3)(n + 2))




What functions should we project?

Iteration #
1

© o0 N oo o1 A~ w PN

SR
o

Residual of ¢4(2)

1.2812e-01 &
5.82180-03 , A6
,§§3

2.2079e-04\>

7.0092606

2.0214e-07

<
$51313¢-09

QO

1.2053e-10
2.5530e-12
4.9000e-14
1.0000e-15

Residual of x4(2)

.2956e-01

3.9212e-03
3.3878e-05
2.0108e-08
3.0619e-09
4.9313e-10
5.4611e-11
3.2960e-12
1.4000e-13
2.0000e-14




Ideas for New Integrators:

Y) = yo@uhf’(yo))hf(yo (Q
Y =1 '@mhf (yOWWhJ’ Yl)Rﬁ/

Y1 = Yo x1(hf ’(qquf (%o 1))R(Y1)
+ (baxsthP(Yz2))(d2R(Yz2) — d1 R(Y1)

Yk (2), R(Y:) are chosen to optimize Krylov projections



Integrators for Nonlinear Problems:

» Building an integrator while mlnlmlzknt@the
number of Krylov projections &o

> Order conditions denvaﬂg&@éutcher S work
S)
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» Performance ar@@%’aptlwty



Performance:

2D Brusselator 2D Grqygscott Equation
O

S S

=1+ uwv? — du+ aV3u 2
5t m S&v + 0.04(1 — u) + 0.2V*u
v 2 2
5—3'& —u?v + aV3 % w? 4+ 0.1v + 0.1V

\*?

Z%M%n Cahn Equation

Ou

2
i =u—u" + 0.1V%y




2D Allen-Cahn Equation:

(g 20 Allar-Czhn equaticr with lam2da=a9.1. n=75
— ndeexph
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CD' ode1bs
hnr' @ === radaus
Ok —— oxpi
B apirkd
romIag
19 °
E
: ==
= 14
=
=
]
10 |
10°
10 ° - _ _
T 1c? Is 1

cpL tima




2D Brusselator System:

20 Brusselaior wizk alpha=0.02. n=100

10
odesxpS
=== ndarogi
& odelbs
10} -
== radaus
— axpd
_ == gpirkd
10° rowmag |+
5 107
n
=
& 107
10
10"
10" - _
g 16 10

cpu time



2D Gray-Scott System:

20 Gray-Scott aquatior with a=0.04, b=00CE. Du=3.2. Dv=0.1, n=80

10
odeexpa
e ndarogd
10 | oda18s |,
i radaus
— expd
- _E_Eplrkd
101 rOWMman
=
§ 107F
5
=
B .
= 10 1
10"
10"
10" — - —
16 10 10 10

cou time



Adaptivity:

Two level time stepping adaptivity
» Error estimator using embedded methods

» Optimization of the Krylov subspace size

Efficiency Is ensured by effectively coupling
the two stages of adaptivity.




Current and Future Work:

> Thorough comparisons of Els and é\tandard
Integrators performance on both s@&ple problems
and real applications ,&o\“"

. o
» Butcher’s results will be Ls$ed to develop new
Integrators and autom erivation of order

iti =
conditions @

» Publicly avai@@?é serial and parallel
Implementations of Els Is under development

» Applications: nonlinear optics, plasma physics,
biomodeling, etc.






