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Overview:

n Preconditioning: Optimized Schwarz for climate 
modeling

n Adaptive mesh refinements (on the sphere)

n Efficient time-stepping for AMR and SEM

n Discontinuous Galerkin for non-hydrostatic modeling

2



Classical Schwarz

Lu = f in Ω, Bu = g on ∂Ω

Suppose we need to solve:

Partition the original domain into 2 
domains:

Lun+1
1 = f in Ω1, Lun+1

2 = f in Ω2,

B(un+1
1 ) = g on ∂Ω1, B(un+1

2 ) = g on ∂Ω2,

un+1
1 = un

2 on Γ12, un+1
2 = un

1 on Γ21.

Ω1 Ω2

Γ21 Γ12
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The Robin method
n Lions (1990)

n Used to accelerate convergence of Schwarz

n Free positive parameter: how to find its correct value?

n Convergence rate not demonstrated theoretically

Luk+1
j = uk+1

j − ∆uk+1
j = fj

puk+1
j +

∂uk+1

j

∂njl
= puk

l + ∂uk
l

∂njl
on ∂Ωj ∩ ∂Ωl for l ∈ N (Ωj)

uk+1
j = u0 on ∂Ωj ∩ ∂Ω
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Optimized approach
n Inspired by the Robin problem:

(η − ∆)un+1
1 = 0 in Ω1, (η − ∆)un+1

2 = 0 in Ω2,
(∂x + S1)u

n+1
1 = (∂x + S1)un

2 on Γ12, (∂x + S2)u
n+1
2 = (∂x + S2)un

1 on Γ21.

We are looking for the best possible forms of in Fourier space

Proceeding as before leads to the solutions: σr(k) = F(Sr)( )

ûn
1 (x, k) =

σ1(k)−
√

k2+η

σ1(k)+
√

k2+η
e−

√

k2+η(x−L)ûn−1
2 (L, k), ûn

2 (x, k) =
σ2(k)+

√

k2+η

σ2(k)−
√

k2+η
e−

√

k2+ηxûn−1
1 (0, k)

ρopt = ρopt(k, η, L) =
σ1(k) −

√

k2 + η

σ1(k) +
√

k2 + η

σ2(k) +
√

k2 + η

σ2(k) −
√

k2 + η
e−2

√

k2+ηL

New convergence rate:
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Optimized Schwarz: algebraic results
n SGT 2006: show how to modify existing Schwarz 

algorithm to yield optimized versions

n The augmented or “enhanced” system is rediscovered

n Spectral elements are natural candidates:

n Overlapping grids are cumbersome to construct

n Block preconditioning costly: FDM when possible

n Optimal preconditioner is known (SD Kim 2006)

n Q1-GLL based problem costly to invert does not 
scale: use MG or other solver to invert
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Creating the augmented system 
from a weak form

Consider:consist in solving for wk+1
j and for each Ωj the problem

wk+1
j − ∆wk+1

j = Gj(x, y) (10)

pwk+1
j +

∂wk+1
j

∂njl
= pwk

l +
∂wk

l

∂njl
on ∂Ωj ∩ ∂Ωl for l ∈ N (Ωj) (11)

wk+1
j = w0 on ∂Ωj ∩ ∂Ω (12)

where p ∈ R and will be defined later. The problem converges when ||wk+1 −

wk|| → 0 in the graph norm.

The above problem is amenable to a weak formulation on each domain Ωj .

Let us introduce the broken Sobolev space based on the quadragulation Qh of

the initial C1,1 domain:

H1(Qh) = {v ∈ L2(Ω)|v|Q ∈ H1(Q) ∀Q ∈ Qh} (13)

We have for φj and wj in H1(Ωj) ∩ H1
0 (Ωj):

∫

Ωj

φjw
k+1
j +

∫

Ωj

∇φj ·∇wk+1
j −

∫

∂Ωj

φj

(

∂wj

∂n

)k+1

=
∫

Ωj

φjGj . (14)

Now define the bilinear form on the local element Ωj as

aj(w
k+1
j , φj) ≡

∫

Ωj

φjw
k+1
j +

∫

Ωj

∇φj ·∇wk+1
j (15)

and the right hand side like

fj(φj) ≡
∫

Ωj

φjGj (16)

with the normal derivative represented as a bilinear form with

Tj(w
k+1
j , φj) ≡

∑

l∈N (Ωj)

∫

Γjl

φj

(

∂wj

∂njl

)k+1

. (17)

The weak form can be rewritten as

aj(w
k+1
j , φj) − Tj(w

k+1
j , φj) = fj(φj) (18)
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To be solved for all k on any      : it converges (Lions 1990).   consist in solving for wk+1
j and for each Ωj the problem

wk+1
j − ∆wk+1

j = Gj(x, y) (10)

pwk+1
j +

∂wk+1
j

∂njl
= pwk

l +
∂wk

l

∂njl
on ∂Ωj ∩ ∂Ωl for l ∈ N (Ωj) (11)

wk+1
j = w0 on ∂Ωj ∩ ∂Ω (12)

where p ∈ R and will be defined later. The problem converges when ||wk+1 −

wk|| → 0 in the graph norm.

The above problem is amenable to a weak formulation on each domain Ωj .

Let us introduce the broken Sobolev space based on the quadragulation Qh of

the initial C1,1 domain:

H1(Qh) = {v ∈ L2(Ω)|v|Q ∈ H1(Q) ∀Q ∈ Qh} (13)

We have for φj and wj in H1(Ωj) ∩ H1
0 (Ωj):

∫

Ωj

φjw
k+1
j +

∫

Ωj

∇φj ·∇wk+1
j −

∫

∂Ωj

φj

(

∂wj

∂n

)k+1

=
∫

Ωj

φjGj . (14)

Now define the bilinear form on the local element Ωj as

aj(w
k+1
j , φj) ≡

∫

Ωj

φjw
k+1
j +

∫

Ωj

∇φj ·∇wk+1
j (15)

and the right hand side like

fj(φj) ≡
∫

Ωj

φjGj (16)

with the normal derivative represented as a bilinear form with

Tj(w
k+1
j , φj) ≡

∑

l∈N (Ωj)

∫

Γjl

φj

(

∂wj

∂njl

)k+1

. (17)

The weak form can be rewritten as

aj(w
k+1
j , φj) − Tj(w

k+1
j , φj) = fj(φj) (18)
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Weak form:

consist in solving for wk+1
j and for each Ωj the problem

wk+1
j − ∆wk+1

j = Gj(x, y) (10)

pwk+1
j +

∂wk+1
j

∂njl
= pwk

l +
∂wk

l

∂njl
on ∂Ωj ∩ ∂Ωl for l ∈ N (Ωj) (11)

wk+1
j = w0 on ∂Ωj ∩ ∂Ω (12)

where p ∈ R and will be defined later. The problem converges when ||wk+1 −

wk|| → 0 in the graph norm.

The above problem is amenable to a weak formulation on each domain Ωj .

Let us introduce the broken Sobolev space based on the quadragulation Qh of

the initial C1,1 domain:

H1(Qh) = {v ∈ L2(Ω)|v|Q ∈ H1(Q) ∀Q ∈ Qh} (13)

We have for φj and wj in H1(Ωj) ∩ H1
0 (Ωj):

∫

Ωj

φjw
k+1
j +

∫

Ωj

∇φj ·∇wk+1
j −

∫

∂Ωj

φj

(

∂wj

∂n

)k+1

=
∫

Ωj

φjGj . (14)

Now define the bilinear form on the local element Ωj as

aj(w
k+1
j , φj) ≡

∫

Ωj

φjw
k+1
j +

∫

Ωj

∇φj ·∇wk+1
j (15)

and the right hand side like

fj(φj) ≡
∫

Ωj

φjGj (16)

with the normal derivative represented as a bilinear form with

Tj(w
k+1
j , φj) ≡

∑

l∈N (Ωj)

∫

Γjl

φj

(

∂wj

∂njl

)k+1

. (17)

The weak form can be rewritten as

aj(w
k+1
j , φj) − Tj(w

k+1
j , φj) = fj(φj) (18)

4

consist in solving for wk+1
j and for each Ωj the problem

wk+1
j − ∆wk+1

j = Gj(x, y) (10)

pwk+1
j +

∂wk+1
j

∂njl
= pwk

l +
∂wk

l

∂njl
on ∂Ωj ∩ ∂Ωl for l ∈ N (Ωj) (11)

wk+1
j = w0 on ∂Ωj ∩ ∂Ω (12)

where p ∈ R and will be defined later. The problem converges when ||wk+1 −

wk|| → 0 in the graph norm.

The above problem is amenable to a weak formulation on each domain Ωj .

Let us introduce the broken Sobolev space based on the quadragulation Qh of

the initial C1,1 domain:

H1(Qh) = {v ∈ L2(Ω)|v|Q ∈ H1(Q) ∀Q ∈ Qh} (13)

We have for φj and wj in H1(Ωj) ∩ H1
0 (Ωj):

∫

Ωj

φjw
k+1
j +

∫

Ωj

∇φj ·∇wk+1
j −

∫

∂Ωj

φj

(

∂wj

∂n

)k+1

=
∫

Ωj

φjGj . (14)

Now define the bilinear form on the local element Ωj as

aj(w
k+1
j , φj) ≡

∫

Ωj

φjw
k+1
j +

∫

Ωj

∇φj ·∇wk+1
j (15)

and the right hand side like

fj(φj) ≡
∫

Ωj

φjGj (16)

with the normal derivative represented as a bilinear form with

Tj(w
k+1
j , φj) ≡

∑

l∈N (Ωj)

∫

Γjl

φj

(

∂wj

∂njl

)k+1

. (17)

The weak form can be rewritten as

aj(w
k+1
j , φj) − Tj(w

k+1
j , φj) = fj(φj) (18)
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Where test functions are in: 

Decomposition: Qh = ∪jΩj

7



Creating the augmented system 
from a weak form

consist in solving for wk+1
j and for each Ωj the problem

wk+1
j − ∆wk+1

j = Gj(x, y) (10)

pwk+1
j +

∂wk+1
j

∂njl
= pwk

l +
∂wk

l

∂njl
on ∂Ωj ∩ ∂Ωl for l ∈ N (Ωj) (11)

wk+1
j = w0 on ∂Ωj ∩ ∂Ω (12)

where p ∈ R and will be defined later. The problem converges when ||wk+1 −

wk|| → 0 in the graph norm.

The above problem is amenable to a weak formulation on each domain Ωj .
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(
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=
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Now define the bilinear form on the local element Ωj as

aj(w
k+1
j , φj) ≡

∫

Ωj
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j +

∫

Ωj

∇φj ·∇wk+1
j (15)

and the right hand side like

fj(φj) ≡
∫
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φjGj (16)

with the normal derivative represented as a bilinear form with

Tj(w
k+1
j , φj) ≡

∑

l∈N (Ωj)

∫

Γjl

φj

(

∂wj

∂njl

)k+1

. (17)

The weak form can be rewritten as

aj(w
k+1
j , φj) − Tj(w

k+1
j , φj) = fj(φj) (18)

4

consist in solving for wk+1
j and for each Ωj the problem

wk+1
j − ∆wk+1

j = Gj(x, y) (10)

pwk+1
j +

∂wk+1
j

∂njl
= pwk

l +
∂wk

l

∂njl
on ∂Ωj ∩ ∂Ωl for l ∈ N (Ωj) (11)

wk+1
j = w0 on ∂Ωj ∩ ∂Ω (12)

where p ∈ R and will be defined later. The problem converges when ||wk+1 −

wk|| → 0 in the graph norm.

The above problem is amenable to a weak formulation on each domain Ωj .

Let us introduce the broken Sobolev space based on the quadragulation Qh of
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(
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=
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∫
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∫
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consist in solving for wk+1
j and for each Ωj the problem

wk+1
j − ∆wk+1

j = Gj(x, y) (10)

pwk+1
j +

∂wk+1
j
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= pwk

l +
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l
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on ∂Ωj ∩ ∂Ωl for l ∈ N (Ωj) (11)

wk+1
j = w0 on ∂Ωj ∩ ∂Ω (12)

where p ∈ R and will be defined later. The problem converges when ||wk+1 −

wk|| → 0 in the graph norm.

The above problem is amenable to a weak formulation on each domain Ωj .

Let us introduce the broken Sobolev space based on the quadragulation Qh of

the initial C1,1 domain:

H1(Qh) = {v ∈ L2(Ω)|v|Q ∈ H1(Q) ∀Q ∈ Qh} (13)

We have for φj and wj in H1(Ωj) ∩ H1
0 (Ωj):

∫
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φjw
k+1
j +

∫
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∇φj ·∇wk+1
j −

∫
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φj

(
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∂n

)k+1

=
∫
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φjGj . (14)

Now define the bilinear form on the local element Ωj as
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j , φj) ≡

∫
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∫
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∇φj ·∇wk+1
j (15)

and the right hand side like

fj(φj) ≡
∫
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φjGj (16)

with the normal derivative represented as a bilinear form with

Tj(w
k+1
j , φj) ≡

∑

l∈N (Ωj)

∫

Γjl

φj

(

∂wj

∂njl

)k+1

. (17)

The weak form can be rewritten as

aj(w
k+1
j , φj) − Tj(w

k+1
j , φj) = fj(φj) (18)

4

consist in solving for wk+1
j and for each Ωj the problem

wk+1
j − ∆wk+1

j = Gj(x, y) (10)

pwk+1
j +
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j
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l +
∂wk

l

∂njl
on ∂Ωj ∩ ∂Ωl for l ∈ N (Ωj) (11)

wk+1
j = w0 on ∂Ωj ∩ ∂Ω (12)

where p ∈ R and will be defined later. The problem converges when ||wk+1 −

wk|| → 0 in the graph norm.

The above problem is amenable to a weak formulation on each domain Ωj .

Let us introduce the broken Sobolev space based on the quadragulation Qh of

the initial C1,1 domain:

H1(Qh) = {v ∈ L2(Ω)|v|Q ∈ H1(Q) ∀Q ∈ Qh} (13)

We have for φj and wj in H1(Ωj) ∩ H1
0 (Ωj):

∫
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∫
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aj(w
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∫
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fj(φj) ≡
∫
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φjGj (16)

with the normal derivative represented as a bilinear form with
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k+1
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∑
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∫
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φj

(

∂wj
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. (17)

The weak form can be rewritten as

aj(w
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k+1
j , φj) = fj(φj) (18)
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Define:

Leads to:
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Creating the augmented system 
from a weak form

consist in solving for wk+1
j and for each Ωj the problem

wk+1
j − ∆wk+1

j = Gj(x, y) (10)

pwk+1
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∂wk+1
j

∂njl
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l +
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∂njl
on ∂Ωj ∩ ∂Ωl for l ∈ N (Ωj) (11)

wk+1
j = w0 on ∂Ωj ∩ ∂Ω (12)

where p ∈ R and will be defined later. The problem converges when ||wk+1 −

wk|| → 0 in the graph norm.

The above problem is amenable to a weak formulation on each domain Ωj .

Let us introduce the broken Sobolev space based on the quadragulation Qh of

the initial C1,1 domain:

H1(Qh) = {v ∈ L2(Ω)|v|Q ∈ H1(Q) ∀Q ∈ Qh} (13)

We have for φj and wj in H1(Ωj) ∩ H1
0 (Ωj):

∫
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∫
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The weak form can be rewritten as
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j , φj) = fj(φj) (18)
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wk|| → 0 in the graph norm.

The above problem is amenable to a weak formulation on each domain Ωj .
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consist in solving for wk+1
j and for each Ωj the problem

wk+1
j − ∆wk+1

j = Gj(x, y) (10)

pwk+1
j +

∂wk+1
j

∂njl
= pwk

l +
∂wk

l

∂njl
on ∂Ωj ∩ ∂Ωl for l ∈ N (Ωj) (11)

wk+1
j = w0 on ∂Ωj ∩ ∂Ω (12)

where p ∈ R and will be defined later. The problem converges when ||wk+1 −

wk|| → 0 in the graph norm.

The above problem is amenable to a weak formulation on each domain Ωj .

Let us introduce the broken Sobolev space based on the quadragulation Qh of

the initial C1,1 domain:

H1(Qh) = {v ∈ L2(Ω)|v|Q ∈ H1(Q) ∀Q ∈ Qh} (13)

We have for φj and wj in H1(Ωj) ∩ H1
0 (Ωj):

∫

Ωj

φjw
k+1
j +

∫

Ωj

∇φj ·∇wk+1
j −

∫

∂Ωj

φj

(

∂wj

∂n

)k+1

=
∫

Ωj

φjGj . (14)

Now define the bilinear form on the local element Ωj as

aj(w
k+1
j , φj) ≡

∫

Ωj

φjw
k+1
j +

∫

Ωj

∇φj ·∇wk+1
j (15)

and the right hand side like

fj(φj) ≡
∫

Ωj

φjGj (16)

with the normal derivative represented as a bilinear form with

Tj(w
k+1
j , φj) ≡

∑

l∈N (Ωj)

∫

Γjl

φj

(

∂wj

∂njl

)k+1

. (17)

The weak form can be rewritten as

aj(w
k+1
j , φj) − Tj(w

k+1
j , φj) = fj(φj) (18)

4

consist in solving for wk+1
j and for each Ωj the problem

wk+1
j − ∆wk+1

j = Gj(x, y) (10)

pwk+1
j +

∂wk+1
j

∂njl
= pwk

l +
∂wk

l

∂njl
on ∂Ωj ∩ ∂Ωl for l ∈ N (Ωj) (11)

wk+1
j = w0 on ∂Ωj ∩ ∂Ω (12)

where p ∈ R and will be defined later. The problem converges when ||wk+1 −

wk|| → 0 in the graph norm.

The above problem is amenable to a weak formulation on each domain Ωj .

Let us introduce the broken Sobolev space based on the quadragulation Qh of

the initial C1,1 domain:

H1(Qh) = {v ∈ L2(Ω)|v|Q ∈ H1(Q) ∀Q ∈ Qh} (13)

We have for φj and wj in H1(Ωj) ∩ H1
0 (Ωj):

∫

Ωj

φjw
k+1
j +

∫

Ωj

∇φj ·∇wk+1
j −

∫

∂Ωj

φj

(

∂wj

∂n

)k+1

=
∫

Ωj

φjGj . (14)

Now define the bilinear form on the local element Ωj as

aj(w
k+1
j , φj) ≡

∫

Ωj

φjw
k+1
j +

∫

Ωj

∇φj ·∇wk+1
j (15)

and the right hand side like

fj(φj) ≡
∫

Ωj

φjGj (16)

with the normal derivative represented as a bilinear form with

Tj(w
k+1
j , φj) ≡

∑

l∈N (Ωj)

∫

Γjl

φj

(

∂wj

∂njl

)k+1

. (17)

The weak form can be rewritten as

aj(w
k+1
j , φj) − Tj(w

k+1
j , φj) = fj(φj) (18)

4

Define:

Leads to:

Remains to introduce the artificial 
transmission condition...

8



n The normal derivative can be written in terms of the 
original bilinear operator (Toselli, Widlund 2005)

n Avoids the difficult duality pairing for functions on 
the edges of the subdomains

Creating the augmented system 
from a weak form

with the consistency property at convergence that

K
∑

j=1

{aj(w
k+1
j , φj) − fj(φj)} =

∫

Ω
∇wk+1 ·∇φ +

∫

Ω
wk+1φ −

∫

Ω
Gφ (19)

It is difficult to characterize the duality pairing (φj , wj) ∈ H−1/2(Γjl)×H1/2(Γjl).

Instead, an equivalence is used which relies on the residual between the bilinear

form and the normal derivative

Tj(w
k+1
j , φj) =

∫

Ωj

∇φj ·∇wk+1
j +

∫

Ωj

φj∆wk+1
j (20)

=
∫

Ωj

∇φj ·∇wk+1
j +

∫

Ωj

φjw
k+1
j − fj(φj) (21)

= aj(w
k+1
j , φj) − fj(φj) (22)

where φj ∈ Vj = H1(∂Ωj) ∩ H1
0 (∂Ω).

Integrating the equation (11) with respect to a test function in H1(Γjl) ∩

H1
0 (∂Ω) leads to

∫

Γjl

pφjw
k+1
j +

∫

Γjl

φj
∂wk+1

j

∂njl
=

∫

Γjl

pφjw
k
l +

∫

Γjl

φj
∂wk

l

∂njl
(23)

∫

Γjl

φj
∂wk+1

j

∂njl
=

∫

Γjl

pφj(w
k
l − wk+1

l ) +
∫

Γjl

φj
∂wk

l

∂njl
(24)

Tj(w
k+1
j , φj|Γjl

) =
∫

Γjl

φj
∂wk+1

j

∂njl
=

∫

Γjl

pφj(w
k
l − wk+1

l ) − Tl(w
k
l , φj|Γjl

) (25)

summing over all neighbors gives the expression for the normal derivative

Tj(w
k+1
j , φj) =

∑

l∈N (Ωj)

Tj(w
k+1
j , φj|Γjl

) (26)

=
∑

l∈N (Ωj)

{
∫

Γjl

pφj(w
k
l − wk+1

l ) − Tl(w
k
l , φj|Γjl

)} (27)

= −
∫

Ωj

pφjw
k+1
j +

∑

l∈N (Ωj)

{
∫

Γjl

pφjw
k
l − Tl(w

k
l , φj|Γjl

)} (28)

The latter can be now used to replace the normal derivative in the local weak

form

aj(w
k+1
j , φj) +

∫

Ωj

pφjw
k+1
j −

∑

l∈N (Ωj)

{
∫

Γjl

pφjw
k
l − Tl(w

k
l , φj|Γjl

)} = fj(φj)

(29)

5

Where we pick φj ∈ H1(∂Ωj)
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with the consistency property at convergence that

K
∑

j=1

{aj(w
k+1
j , φj) − fj(φj)} =

∫

Ω
∇wk+1 ·∇φ +

∫

Ω
wk+1φ −

∫

Ω
Gφ (19)

It is difficult to characterize the duality pairing (φj , wj) ∈ H−1/2(Γjl)×H1/2(Γjl).

Instead, an equivalence is used which relies on the residual between the bilinear

form and the normal derivative

Tj(w
k+1
j , φj) =

∫

Ωj

∇φj ·∇wk+1
j +

∫

Ωj

φj∆wk+1
j (20)

=
∫

Ωj

∇φj ·∇wk+1
j +

∫

Ωj

φjw
k+1
j − fj(φj) (21)

= aj(w
k+1
j , φj) − fj(φj) (22)

where φj ∈ Vj = H1(∂Ωj) ∩ H1
0 (∂Ω).

Integrating the equation (11) with respect to a test function in H1(Γjl) ∩

H1
0 (∂Ω) leads to

∫

Γjl

pφjw
k+1
j +

∫

Γjl

φj
∂wk+1

j

∂njl
=

∫

Γjl

pφjw
k
l +

∫

Γjl

φj
∂wk

l

∂njl
(23)

∫

Γjl

φj
∂wk+1

j

∂njl
=

∫

Γjl

pφj(w
k
l − wk+1

l ) +
∫

Γjl

φj
∂wk

l

∂njl
(24)

Tj(w
k+1
j , φj|Γjl

) =
∫

Γjl

φj
∂wk+1

j

∂njl
=

∫

Γjl

pφj(w
k
l − wk+1

l ) − Tl(w
k
l , φj|Γjl

) (25)

summing over all neighbors gives the expression for the normal derivative

Tj(w
k+1
j , φj) =

∑

l∈N (Ωj)

Tj(w
k+1
j , φj|Γjl

) (26)

=
∑

l∈N (Ωj)

{
∫

Γjl

pφj(w
k
l − wk+1

l ) − Tl(w
k
l , φj|Γjl

)} (27)

= −
∫

Ωj

pφjw
k+1
j +

∑

l∈N (Ωj)

{
∫

Γjl

pφjw
k
l − Tl(w

k
l , φj|Γjl

)} (28)

The latter can be now used to replace the normal derivative in the local weak

form

aj(w
k+1
j , φj) +

∫

Ωj

pφjw
k+1
j −

∑

l∈N (Ωj)

{
∫

Γjl

pφjw
k
l − Tl(w

k
l , φj|Γjl

)} = fj(φj)

(29)

5

Creating the augmented system 
from a weak form

Boundary condition is:

where a sum on neighbors appears.
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with the consistency property at convergence that

K
∑

j=1

{aj(w
k+1
j , φj) − fj(φj)} =

∫

Ω
∇wk+1 ·∇φ +

∫

Ω
wk+1φ −

∫

Ω
Gφ (19)

It is difficult to characterize the duality pairing (φj , wj) ∈ H−1/2(Γjl)×H1/2(Γjl).

Instead, an equivalence is used which relies on the residual between the bilinear

form and the normal derivative

Tj(w
k+1
j , φj) =

∫

Ωj

∇φj ·∇wk+1
j +

∫

Ωj

φj∆wk+1
j (20)

=
∫

Ωj

∇φj ·∇wk+1
j +

∫

Ωj

φjw
k+1
j − fj(φj) (21)

= aj(w
k+1
j , φj) − fj(φj) (22)

where φj ∈ Vj = H1(∂Ωj) ∩ H1
0 (∂Ω).

Integrating the equation (11) with respect to a test function in H1(Γjl) ∩

H1
0 (∂Ω) leads to

∫

Γjl

pφjw
k+1
j +

∫

Γjl

φj
∂wk+1

j

∂njl
=

∫

Γjl

pφjw
k
l +

∫

Γjl

φj
∂wk

l

∂njl
(23)

∫

Γjl

φj
∂wk+1

j

∂njl
=

∫

Γjl

pφj(w
k
l − wk+1

l ) +
∫

Γjl

φj
∂wk

l

∂njl
(24)

Tj(w
k+1
j , φj|Γjl

) =
∫

Γjl

φj
∂wk+1

j

∂njl
=

∫

Γjl

pφj(w
k
l − wk+1

l ) − Tl(w
k
l , φj|Γjl

) (25)

summing over all neighbors gives the expression for the normal derivative

Tj(w
k+1
j , φj) =

∑

l∈N (Ωj)

Tj(w
k+1
j , φj|Γjl

) (26)

=
∑

l∈N (Ωj)

{
∫

Γjl

pφj(w
k
l − wk+1

l ) − Tl(w
k
l , φj|Γjl

)} (27)

= −
∫

Ωj

pφjw
k+1
j +

∑

l∈N (Ωj)

{
∫

Γjl

pφjw
k
l − Tl(w

k
l , φj|Γjl

)} (28)

The latter can be now used to replace the normal derivative in the local weak

form

aj(w
k+1
j , φj) +

∫

Ωj

pφjw
k+1
j −

∑

l∈N (Ωj)

{
∫

Γjl

pφjw
k
l − Tl(w

k
l , φj|Γjl

)} = fj(φj)

(29)

5

Creating the augmented system 
from a weak form

Boundary condition is:

where a sum on neighbors appears.

grouping the terms in k + 1

aj(w
k+1
j , φj)+

∫

Ωj

pφjw
k+1
j = fj(φj) +

∑

l∈N (Ωj)

fl(φj|Γjl
)

−
∑

l∈N (Ωj)

al(w
k
l , φj|Γjl

) +
∑

l∈N (Ωj)

∫

Γjl

pφjw
k
l

(30)

noticing that φj |Γjl
= φl|Γjl

we finally obtain

aj(w
k+1
j , φj)+

∫

Ωj

pφjw
k+1
j = fj(φj) +

∑

l∈N (Ωj)

fl(φl|Γjl
)

−
∑

l∈N (Ωj)

al(w
k
l , φl|Γjl

) +
∑

l∈N (Ωj)

∫

Γjl

pφlw
k
l . (31)

Now remains to be shown that the above algorithm converges to the solution

of the initial problem (9). The following proof is based on the work of Lions

(1990). Define the error between the local and global solution on domain Ωj as

ek+1
j = wk+1

j −w|Ωj
. Starting from (10)-(12) and subtracting the real solution

restricted to Ωj brings to

ek+1
j − ∆ek+1

j = 0 (32)

pek+1
j +

∂ek+1
j

∂njl
= pek

l +
∂ek

l

∂njl
on ∂Ωj ∩ ∂Ωl for l ∈ N (Ωj) (33)

ek+1
j = 0 on ∂Ωj ∩ ∂Ω. (34)

Multiplying the above by ek+1
j and integrating by parts gives

0 =
∫

Ωj

ek+1
j ek+1

j +
∫

Ωj

∇ek+1
j ·∇ek+1

j −
∑

l∈N (j)

∫

Γjl

ek+1
j

∂ek+1
j

∂njl

=||ek+1
j ||20,Ωj

+ ||∇ek+1
j ||20,Ωi

−
∑

l∈N (j)

∫

Γjl

ek+1
j

∂ek+1
j

∂njl

=||ek+1
j ||21,Ωj

−
∑

l∈N (j)

∫

Γjl

ek+1
j

∂ek+1
j

∂njl
.

Using the relationship

AB =
1

4p
[(A + pB)2 − (A − pB)2]

6

Leads to the form required by the algorithm

10



grouping the terms in k + 1

aj(w
k+1
j , φj)+

∫

Ωj

pφjw
k+1
j = fj(φj) +

∑

l∈N (Ωj)

fl(φj|Γjl
)

−
∑

l∈N (Ωj)

al(w
k
l , φj|Γjl

) +
∑

l∈N (Ωj)

∫

Γjl

pφjw
k
l

(30)

noticing that φj |Γjl
= φl|Γjl

we finally obtain

aj(w
k+1
j , φj)+

∫

Ωj

pφjw
k+1
j = fj(φj) +

∑

l∈N (Ωj)

fl(φl|Γjl
)

−
∑

l∈N (Ωj)

al(w
k
l , φl|Γjl

) +
∑

l∈N (Ωj)

∫

Γjl

pφlw
k
l . (31)

Now remains to be shown that the above algorithm converges to the solution

of the initial problem (9). The following proof is based on the work of Lions

(1990). Define the error between the local and global solution on domain Ωj as

ek+1
j = wk+1

j −w|Ωj
. Starting from (10)-(12) and subtracting the real solution

restricted to Ωj brings to

ek+1
j − ∆ek+1

j = 0 (32)

pek+1
j +

∂ek+1
j

∂njl
= pek

l +
∂ek

l

∂njl
on ∂Ωj ∩ ∂Ωl for l ∈ N (Ωj) (33)

ek+1
j = 0 on ∂Ωj ∩ ∂Ω. (34)

Multiplying the above by ek+1
j and integrating by parts gives

0 =
∫

Ωj

ek+1
j ek+1

j +
∫

Ωj

∇ek+1
j ·∇ek+1

j −
∑

l∈N (j)

∫

Γjl

ek+1
j

∂ek+1
j

∂njl

=||ek+1
j ||20,Ωj

+ ||∇ek+1
j ||20,Ωi

−
∑

l∈N (j)

∫

Γjl

ek+1
j

∂ek+1
j

∂njl

=||ek+1
j ||21,Ωj

−
∑

l∈N (j)

∫

Γjl

ek+1
j

∂ek+1
j

∂njl
.

Using the relationship

AB =
1

4p
[(A + pB)2 − (A − pB)2]

6

Creating the augmented system 
from a weak form

Iterative Matrix Form

• Optimal convergence when B̃k is Schur
complement

• Trivial to prove for 2 domains

• Difficult to construct in the general case

• Tang (1992) approximated B̃k with convex Robin

• Multi domain case proven by SGT (2005).

Ãju
n+1
j = f j +

J
∑

k=1

B̃jku
n
k , j = 1, .., J

Comp Math 2006 – p.9/29

After (any)
discretization:
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grouping the terms in k + 1

aj(w
k+1
j , φj)+

∫

Ωj

pφjw
k+1
j = fj(φj) +

∑

l∈N (Ωj)

fl(φj|Γjl
)

−
∑

l∈N (Ωj)

al(w
k
l , φj|Γjl

) +
∑

l∈N (Ωj)

∫

Γjl
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k
l

(30)

noticing that φj |Γjl
= φl|Γjl

we finally obtain
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k+1
j , φj)+

∫

Ωj
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)

−
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k
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(1990). Define the error between the local and global solution on domain Ωj as

ek+1
j = wk+1

j −w|Ωj
. Starting from (10)-(12) and subtracting the real solution

restricted to Ωj brings to

ek+1
j − ∆ek+1

j = 0 (32)
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l +
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∂njl
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ek+1
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0 =
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j ·∇ek+1

j −
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−
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.

Using the relationship
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1
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[(A + pB)2 − (A − pB)2]

6

Creating the augmented system 
from a weak form

Iterative Matrix Form

• Optimal convergence when B̃k is Schur
complement

• Trivial to prove for 2 domains

• Difficult to construct in the general case

• Tang (1992) approximated B̃k with convex Robin

• Multi domain case proven by SGT (2005).

Ãju
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After (any)
discretization:

11



grouping the terms in k + 1

aj(w
k+1
j , φj)+

∫

Ωj

pφjw
k+1
j = fj(φj) +

∑

l∈N (Ωj)

fl(φj|Γjl
)

−
∑

l∈N (Ωj)

al(w
k
l , φj|Γjl

) +
∑

l∈N (Ωj)

∫

Γjl

pφjw
k
l

(30)

noticing that φj |Γjl
= φl|Γjl
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k+1
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Ωj
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−
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∫
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k
l . (31)
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of the initial problem (9). The following proof is based on the work of Lions

(1990). Define the error between the local and global solution on domain Ωj as

ek+1
j = wk+1

j −w|Ωj
. Starting from (10)-(12) and subtracting the real solution

restricted to Ωj brings to

ek+1
j − ∆ek+1
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pek+1
j +

∂ek+1
j

∂njl
= pek

l +
∂ek

l

∂njl
on ∂Ωj ∩ ∂Ωl for l ∈ N (Ωj) (33)

ek+1
j = 0 on ∂Ωj ∩ ∂Ω. (34)
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j and integrating by parts gives

0 =
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j +
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j ·∇ek+1

j −
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l∈N (j)

∫

Γjl

ek+1
j

∂ek+1
j

∂njl

=||ek+1
j ||20,Ωj

+ ||∇ek+1
j ||20,Ωi

−
∑

l∈N (j)

∫

Γjl

ek+1
j

∂ek+1
j

∂njl

=||ek+1
j ||21,Ωj

−
∑
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∫

Γjl

ek+1
j

∂ek+1
j

∂njl
.

Using the relationship

AB =
1

4p
[(A + pB)2 − (A − pB)2]

6

Creating the augmented system 
from a weak form

Iterative Matrix Form

• Optimal convergence when B̃k is Schur
complement

• Trivial to prove for 2 domains

• Difficult to construct in the general case

• Tang (1992) approximated B̃k with convex Robin

• Multi domain case proven by SGT (2005).

Ãju
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J
∑
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B̃jku
n
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After (any)
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grouping the terms in k + 1

aj(w
k+1
j , φj)+

∫

Ωj

pφjw
k+1
j = fj(φj) +

∑

l∈N (Ωj)

fl(φj|Γjl
)

−
∑

l∈N (Ωj)

al(w
k
l , φj|Γjl

) +
∑

l∈N (Ωj)

∫

Γjl

pφjw
k
l

(30)

noticing that φj |Γjl
= φl|Γjl

we finally obtain

aj(w
k+1
j , φj)+
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from a weak form

Iterative Matrix Form

• Optimal convergence when B̃k is Schur
complement
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SEM simple problem

12 A. St-Cyr et al.

Proof. The proof is again by induction. By assumption, (3.24) holds for n = 0.
Assuming it holds for n, we obtain from (3.22), using the fact that the restriction
operators R̂j , j = 1, . . . , J are non-overlapping, Lemma 3.2 and (3.3)

ûn+1 = ûn +
J

∑

j=1

R̂T
j Ã−1

j R̂j(f̂ − Âûn) = ûn +
J

∑

j=1

R̂T
j Ã−1

j (f j − R̂jÂûn)

= ûn +
J

∑

j=1

R̂T
j Ã−1

j (f j − Ãju
n
j +

J
∑

l=1

B̃jlu
n
l ) =

J
∑

j=1

R̂T
j Ã−1

j (f j +
J

∑

l=1

B̃jlu
n
l )

=
J

∑

j=1

R̂T
j un+1

j =
[

(un+1
1 )T , (un+1

2 )T , . . . (un+1
J )T

]T
= ûn+1, (3.25)

which concludes the proof.
An advantage of this formulation is that non-overlapping parallel preconditioners

can be used, such as the optimized Jacobi Schwarz method (3.3) and optimized al-
ternating Schwarz method (3.12). A disadvantage is that the operators B̃jk must be
constructed explicitly, because they are needed in the application of Ã−1

j in (3.22).

4. Application to the positive definite Helmholtz Problem. We now ap-
ply the results of the previous sections to finite difference and spectral element dis-
cretizations of the positive definite Helmholtz problem on the domain Ω,

Lu = (η − ∆)u = f, in Ω, (4.1)

where Ω is an open set in two dimensions and we impose homogeneous Dirichlet
conditions to simplify the exposition.

4.1. Finite Differences. Discretizing (4.1) using a standard five point dis-
cretization on an equidistant grid on the domain Ω = (0, 1) × (0, 1) leads to the
matrix problem

Au = f , A =
1

h2









Tη −I

−I Tη
. . .

. . .
. . .









, Tη =









ηh2 + 4 −1

−1 ηh2 + 4
.. .

. . .
. . .









.

The subdomain matrices Aj , j = 1, 2 of a classical Schwarz method are of the same
form as A, just smaller. To obtain the optimized subdomain matrices Ãj , it suf-
fices according to the results in Section 3 to simply replace the interface blocks Tη in
Aj by blocks corresponding to optimized transmission conditions. Algebraically, the
best transmission condition is obtained from the Schur complement for the interface
unknowns. Approximation of the Schur complement at the algebraic level was exten-
sively studied in [9]. We use here an approximation from [5] based on the PDE which
is discretized, which suggests replacing the interface blocks Tη by the matrix

T̃ =
1

2
Tη + phI +

q

h
(T0 − 2I), T0 = Tη|η=0, (4.2)

and corresponds to a general optimized transmission condition of order 2 with two
parameters p and q. The optimal choice for the parameters p and q in the new block T̃
depends on the problem parameter η, the overlap in the method, the mesh parameter

Gander 2006
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Primitive equations

dv

dt
+ f k × v + ∇Φ + R T ∇ ln p = 0

d T

d t
−

κ T ω

p
= 0

∂

∂t

(

∂p

∂η

)

+ ∇ ·

(

v

∂p

∂η

)

+
∂

∂η

(

η̇
∂p

∂η

)

= 0

Momentum:

Thermodynamic:

Continuity:

HOMME: high order multiscale modeling environment
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Primitive equations: SI

The Primitive Equations

Momentum,Thermodynamic and Continuity equations:

dv

dt
+ f k × v + ∇Φ + R T ∇ ln p = 0

d T

d t
−

κ T ω

p
= 0

∂

∂t

(

∂p

∂η

)

+ ∇ ·
(

v
∂p

∂η

)

+
∂

∂η

(

η̇
∂p

∂η

)

= 0

Hydrostatic equation:

∂Φ

∂η
= −

R T

p

∂p

∂η
.

Comp Math 2006 – p.20/29

Hydrostatic assumption:

Linearization (barotropic state): T r
= 300K, pr

s
= 1000hPa

3

1

ps
η̇

∂p

∂η
= −B

∂ ln ps

∂t
−

∫ η

0

∂B

∂η
v ·∇ ln psdη −

∫ η

0

∂p

∂η

1

ps
∇ · vdη (9)

From the time derivative of pressure

∂p

∂t
= psB

∂

∂t
(ln ps), ∇p = psB∇ ln ps.

Therefore, the pressure vertical velocity ω is related to ln ps and η̇ by

ω

p
=

ps

p

[

B

(

∂

∂t
(ln ps) + v ·∇ ln ps

)

+
1

ps
η̇

∂p

∂η

]

and substituting (8) and (9)

ω

p
=

ps

p

[

B (v ·∇ ln ps) −

∫ η

0

∂B

∂η
v ·∇ ln psdη −

∫ η

0

∂p

∂η

1

ps
∇ · vdη

]

. (10)

Semi-implicit

Consider the ODE
dX

dt
= M(X)

with proper initial conditions. Suppose L is a linear operator then

dX

dt
= M(X) + LX − LX = N (X) − LX

Using leap-Frog1 time integration scheme is employed with an averaging of the
L term one gets

Xn+1 − Xn−1

2∆t
= N (Xn)−

1

2
L(Xn+1+Xn−1) = M(Xn)+LXn−

1

2
L(Xn+1+Xn−1)

The scheme can be understood as a second order correction to an explicit leap-
frog time step,

Xn+1 − Xn−1

2∆t
= M(Xn) −

1

2
∆ttLX

where

∆ttX = Xn+1 − 2Xn + Xn−1

The Robert–Asselin (1972) time-filter is applied every time step to damp the
growth of the non-physical computational mode.

Xf = X + α
(

Xn+1 − 2Xn + Xn−1
f

)

1Stormer-Verlet

3

1

ps
η̇

∂p

∂η
= −B

∂ ln ps

∂t
−

∫ η

0

∂B

∂η
v ·∇ ln psdη −

∫ η

0

∂p

∂η

1

ps
∇ · vdη (9)

From the time derivative of pressure

∂p

∂t
= psB

∂

∂t
(ln ps), ∇p = psB∇ ln ps.

Therefore, the pressure vertical velocity ω is related to ln ps and η̇ by

ω

p
=

ps

p

[

B

(

∂

∂t
(ln ps) + v ·∇ ln ps

)

+
1

ps
η̇

∂p

∂η

]

and substituting (8) and (9)

ω

p
=

ps

p

[

B (v ·∇ ln ps) −

∫ η

0

∂B

∂η
v ·∇ ln psdη −

∫ η

0

∂p

∂η

1

ps
∇ · vdη

]

. (10)

Semi-implicit

Consider the ODE
dX

dt
= M(X)

with proper initial conditions. Suppose L is a linear operator then

dX

dt
= M(X) + LX − LX = N (X) − LX

Using leap-Frog1 time integration scheme is employed with an averaging of the
L term one gets

Xn+1 − Xn−1

2∆t
= N (Xn)−

1

2
L(Xn+1+Xn−1) = M(Xn)+LXn−

1

2
L(Xn+1+Xn−1)

The scheme can be understood as a second order correction to an explicit leap-
frog time step,

Xn+1 − Xn−1

2∆t
= M(Xn) −

1

2
∆ttLX

where

∆ttX = Xn+1 − 2Xn + Xn−1

The Robert–Asselin (1972) time-filter is applied every time step to damp the
growth of the non-physical computational mode.

Xf = X + α
(

Xn+1 − 2Xn + Xn−1
f

)

1Stormer-Verlet

3

1

ps
η̇

∂p

∂η
= −B

∂ ln ps

∂t
−

∫ η

0

∂B

∂η
v ·∇ ln psdη −

∫ η

0

∂p

∂η

1

ps
∇ · vdη (9)

From the time derivative of pressure

∂p

∂t
= psB

∂

∂t
(ln ps), ∇p = psB∇ ln ps.

Therefore, the pressure vertical velocity ω is related to ln ps and η̇ by

ω

p
=

ps

p

[

B

(

∂

∂t
(ln ps) + v ·∇ ln ps

)

+
1

ps
η̇

∂p

∂η

]

and substituting (8) and (9)

ω

p
=

ps

p

[

B (v ·∇ ln ps) −

∫ η

0

∂B

∂η
v ·∇ ln psdη −

∫ η

0

∂p

∂η

1

ps
∇ · vdη

]

. (10)

Semi-implicit

Consider the ODE
dX

dt
= M(X)

with proper initial conditions. Suppose L is a linear operator then

dX

dt
= M(X) + LX − LX = N (X) − LX

Using leap-Frog1 time integration scheme is employed with an averaging of the
L term one gets

Xn+1 − Xn−1

2∆t
= N (Xn)−

1

2
L(Xn+1+Xn−1) = M(Xn)+LXn−

1

2
L(Xn+1+Xn−1)

The scheme can be understood as a second order correction to an explicit leap-
frog time step,

Xn+1 − Xn−1

2∆t
= M(Xn) −

1

2
∆ttLX

where

∆ttX = Xn+1 − 2Xn + Xn−1

The Robert–Asselin (1972) time-filter is applied every time step to damp the
growth of the non-physical computational mode.

Xf = X + α
(

Xn+1 − 2Xn + Xn−1
f

)

1Stormer-Verlet

Semi-Implicit:

Add zero:

3

1

ps
η̇

∂p

∂η
= −B

∂ ln ps

∂t
−

∫ η

0

∂B

∂η
v ·∇ ln psdη −

∫ η

0

∂p

∂η

1

ps
∇ · vdη (9)

From the time derivative of pressure

∂p

∂t
= psB

∂

∂t
(ln ps), ∇p = psB∇ ln ps.

Therefore, the pressure vertical velocity ω is related to ln ps and η̇ by

ω

p
=

ps

p

[

B

(

∂

∂t
(ln ps) + v ·∇ ln ps

)

+
1

ps
η̇

∂p

∂η

]

and substituting (8) and (9)

ω

p
=

ps

p

[

B (v ·∇ ln ps) −

∫ η

0

∂B

∂η
v ·∇ ln psdη −

∫ η

0

∂p

∂η

1

ps
∇ · vdη

]

. (10)

Semi-implicit

Consider the ODE
dX

dt
= M(X)

with proper initial conditions. Suppose L is a linear operator then

dX

dt
= M(X) + LX − LX = N (X) − LX

Using leap-Frog1 time integration scheme is employed with an averaging of the
L term one gets

Xn+1 − Xn−1

2∆t
= N (Xn)−

1

2
L(Xn+1+Xn−1) = M(Xn)+LXn−

1

2
L(Xn+1+Xn−1)

The scheme can be understood as a second order correction to an explicit leap-
frog time step,

Xn+1 − Xn−1

2∆t
= M(Xn) −

1

2
∆ttLX

where

∆ttX = Xn+1 − 2Xn + Xn−1

The Robert–Asselin (1972) time-filter is applied every time step to damp the
growth of the non-physical computational mode.

Xf = X + α
(

Xn+1 − 2Xn + Xn−1
f

)

1Stormer-Verlet

“Time diffusion”
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PE: vertical structure matrix
Results of hydrostatic assumption 
and vertical coordinate choice:

2

Primitive equations

dv

dt
+ f k̂ × v + ∇Φ + R T ∇ ln p = 0 (1)

d T

d t
−

κ T ω

p
= 0 (2)

∂

∂t

(

∂p

∂η

)

+ ∇ ·

(

v
∂p

∂η

)

+
∂

∂η

(

η̇
∂p

∂η

)

= 0 (3)

material derivative is given by

d

dt
=

∂

∂t
+ v ·∇ + η̇

∂

∂η
.

The geopotential Φ is computed diagnostically using the hydrostatic balance
relation

∂Φ

∂η
= −

R T

p

∂p

∂η
. (4)

The hybrid vertical coordinate η is defined implicitly by the following relation

p(η, ps) = A(η)p0 + B(η)ps

where p0 is a specified constant reference pressure. In order to solve the primitive
equations, boundary conditions must be specified at the top and bottom of the
atmosphere.

The kinematic lower boundary condition at η = 1 takes the simple form
η̇ = 0. At the top of the atmosphere, η = 0, η̇ = 0 prevents mass transport
across the upper boundary. Integrating the continuity equation (3) subject to
these boundary conditions results in the following relations

∂ps

∂t
= −

∫ 1

0
∇ ·

(

v
∂p

∂η

)

dη (5)

∂

∂t
(ln ps) = −

1

ps

∫ 1

0
∇ ·

(

v
∂p

∂η

)

dη (6)

η̇
∂p

∂η
= −

∂p

∂t
−

∫ η

0
∇ ·

(

v
∂p

∂η

)

dη (7)

By applying the identity

∇ ·

(

v
∂p

∂η

)

=
∂B

∂η
v ·∇π +

∂p

∂η
∇ · v,

equations (6) and (7) can be written as

∂

∂t
(ln ps) = −

∫ 1

0

∂B

∂η
v ·∇ ln psdη −

∫ 1

0

∂p

∂η

1

ps
∇ · vdη (8)

9

where P is a row vector with elements Pk = ∆pr
k/pr

s. Substituting equations
(28) and (29) into equation (??) for Gr leads to

Gr + ∆t (RHrT + RT rP )D = Φs + RHrT + RT rP (30)

Next, define the vertical structure matrix A and rhs vector B

A = RHrT + RT rP, B = Φs + RHrT + RT rP

After computing the discrete divergence of the momentum equation, two coupled
equations remain

Gr + ∆tAD = B (31)

D + ∆t∇2Gr = ∇ · V (32)

Finally, eliminating the divergence results in the Schur complement system

Gr − ∆t2A∇2Gr = B − ∆tA∇ · V (33)

The discrete ∇2 operator is the L2 pseudo-Laplacian matrix DgM−1gijDT ,
where D and M are the spectral element derivative and mass matrices, respec-
tively.

The eigenvalues of the vertical structure matrix A are determined by

Aek = λkek, k = 1, . . . , K

where
E =

[

e1 e2 . . . eK

]

, E−1AE = L

L =











λ1

λ2

. . .
λK











Applying the similarity transformation E−1

E−1Gr − ∆t2∇2LE−1Gr = E−1B − ∆tLE−1∇ · V

Define

Γr = E−1Gr, Λ =
1

∆t2
L−1

The Schur complement system then becomes

Γr − ∆t2L∇2Γr = E−1B − ∆tLE−1∇ · V

or equivalently

∇2Γr − ΛΓr =
1

∆t
E−1∇ · V − ΛE−1B = C

9
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Figure 1: Vertical level structure

The preconditioned conjugate gradient iteration is applied on each vertical level
to solve

(

∇2 −
1

∆t2λk

)

Γr
k = Ck

A block-Jacobi preconditioner was implemented with homogeneous Neumann
boundary conditions specified at element boundaries. To complete a time step,
the prognostic variables at time level n+1 are obtained by back-substitution of
the pressure Gr = EΓr into the equations

D = ∆t−1 A−1 (B − Gr)

ln ps = P − ∆t P · D

T = T − ∆t TD

v = V − ∆t ∇Gr

10

Figure 1: Vertical level structure

The preconditioned conjugate gradient iteration is applied on each vertical level
to solve

(

∇2 −
1

∆t2λk

)

Γr
k = Ck

A block-Jacobi preconditioner was implemented with homogeneous Neumann
boundary conditions specified at element boundaries. To complete a time step,
the prognostic variables at time level n+1 are obtained by back-substitution of
the pressure Gr = EΓr into the equations

D = ∆t−1 A−1 (B − Gr)

ln ps = P − ∆t P · D

T = T − ∆t TD

v = V − ∆t ∇Gr

Solve for each k: Backsub:

Series of 2D Helmholtz 
Barotropic eigenmodes of atmosphere (Thomas and Loft 2005)

Time dependance
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PE: vertical structure matrix
Results of hydrostatic assumption 
and vertical coordinate choice:

2

Primitive equations

dv
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The preconditioned conjugate gradient iteration is applied on each vertical level
to solve

(

∇2 −
1

∆t2λk

)

Γr
k = Ck

A block-Jacobi preconditioner was implemented with homogeneous Neumann
boundary conditions specified at element boundaries. To complete a time step,
the prognostic variables at time level n+1 are obtained by back-substitution of
the pressure Gr = EΓr into the equations

D = ∆t−1 A−1 (B − Gr)

ln ps = P − ∆t P · D

T = T − ∆t TD

v = V − ∆t ∇Gr

Solve for each k: Backsub:

Series of 2D Helmholtz 
Barotropic eigenmodes of atmosphere (Thomas and Loft 2005)

Time dependance

Diagonalize
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Cubed sphere

gij =
1

r4 cos2 x1 cos2 x2

[

1 + tan2
x1 − tanx1 tanx2

− tan x1 tanx2 1 + tan2
x2

]

.

n Equiangular projection

n Sadourny (72), Rancic 
(96), Ronchi (96)

n Most models moving 
towards this approach

n SFC: Dennis 2003

g ∇ · v =
∂

∂xj
( g uj ), g ζ = εij

∂uj

∂xi
.

Metric tensor

Rewrite div and vorticity

18



Cubed sphere
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− tan x1 tanx2 1 + tan2
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.

n Equiangular projection

n Sadourny (72), Rancic 
(96), Ronchi (96)

n Most models moving 
towards this approach

n SFC: Dennis 2003

g ∇ · v =
∂

∂xj
( g uj ), g ζ = εij

∂uj

∂xi
.

Metric tensor

Rewrite div and vorticity

!

(!1, 1)

!
(!1, !1) (1, !1)
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Held-Suarez numerical 
experiment: with moisture 

Galewski, Sobel and Held 2004
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Convergence per mode
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Diagonal Opt Schwarz
n Optimized algorithm: no maxing out

n Communication cost identical

n Twice the cost of CG per iteration

n Diagonal O(N) while OS is O(N )

n Best strategy: use OS on first few 
barotropic modes and diagonal 
elsewhere

n No coarse solver needed: because of 
time dependance
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Diagonal preconditioning
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Optimized Schwarz
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New approach
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Large scale runs

Max 5TF
W. Spotz  and M. Taylor: Sandia National Labs
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Si vs Exp: Red Storm

W. Spotz : Sandia National Labs
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Si vs Exp: Blue gene

ne=32, 40km
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Si vs Exp: Blue gene

ne=32, 40km
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Adaptive Mesh 
Refinements
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Conforming SEM

vT Au = vT QT ALQu = vT QT MLQf = vT f

vT QT ALuL = vT QT MLfL

Au = f

Linear problem associated with 
elliptic problem discretized with 
SEM

A1 A2

A3 A4

AL = block{A1, A2, A3, A4}

QQT ALuL = QQT MLfLuk

fk

Ak
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Conforming SEM

vT Au = vT QT ALQu = vT QT MLQf = vT f

vT QT ALuL = vT QT MLfL

Au = f

Linear problem associated with 
elliptic problem discretized with 
SEM

A1 A2

A3 A4

AL = block{A1, A2, A3, A4}

QQT ALuL = QQT MLfLuk

fk

Ak

Direct stiffness summation: represents boolean operations
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Nonconforming SEM

Interpolation

Boolean matrix     is redefined as Q = JLQ̃

DSS is conceptually the same:

vT Au = vT (Q̃T JT

L )AL(JLQ̃)u = vT QT ALQu.

Q

Fischer, Kruse and Loth 2002
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SEM vs FVM
a) SEM

b) FV

a) SEM

b) FV

Standard test suite is employed
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Cosine bell advection

Resolution l1 l2 l∞ h(m) max/min

2.5 0.0503 0.0269 0.0195 991.6/-15.1

1.25 0.0085 0.0056 0.0057 997.5/-4.2

0.625 0.0019 0.0014 0.0019 999.1/-1.1

0.3125 0.0008 0.0006 0.0015 999.7/-0.9

Table 1

Test case 1, spectral element method. Error norms versus resolution in degrees with

Resolution l1 l2 l∞ h(m) max/min

2.5 0.0341 0.0301 0.0317 949.1/0

1.25 0.0097 0.0103 0.0150 984.2/0

0.625 0.0016 0.0021 0.0044 995.0/0

0.3125 0.0003 0.0005 0.0014 998.4/0

Table 2

Test case 1, finite volumes method

15
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0.625 0.0016 0.0021 0.0044 995.0/0

0.3125 0.0003 0.0005 0.0014 998.4/0

Table 2

Test case 1, finite volumes method

15

Alpha = 0

FV SEM

n For alpha different than 0 : FV has undershoots

n Conservation of mass breaks monotonicity
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SWTC1 45 degrees
a) SEM
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SWTC2
a) SEM
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SWTC5
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SWTC5

36



SWTC5
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Time-stepping
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OIFS+AMR
n Goal: SEM based AMR for primitive equations

n Oliger and Sundstrom show ill posedness for any kind 
of boundary conditions

n Cannot use local time stepping: Berger Oliger (84)

n Semi-implicit semi-Lagrangian approach?(Robert 81)
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OIFS+AMR
n Goal: SEM based AMR for primitive equations

n Oliger and Sundstrom show ill posedness for any kind 
of boundary conditions

n Cannot use local time stepping: Berger Oliger (84)

n Semi-implicit semi-Lagrangian approach?(Robert 81)

n SISL is rather inefficient on modern computers

n Attempts were made by Berhens: shmem only (96) 
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SISL

n Material derivative (hide advective term)

dφ(X, t)

dt
=

∂φ

∂t
+ u ·∇φ = f(φ(X, t))

dX

dt
= u(X, t)

Characteristic 
equation:

n Spatial position is now a function of time in the 
Lagrangian frame

Xn = Xn+1
−

∆t

2
(u(Xn, tn) + u(Xn+1, tn+1)), with X(tn+1) = x
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SISL Semi-Lagrangian

tn + ∆t

tn

1
a

xj x

RPN – p.7/41
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SISL Semi-Lagrangian

tn + ∆t

tn

1
a

xj x

RPN – p.8/41
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SISL Semi-Lagrangian

tn + ∆t

tn

1
a

xj x

RPN – p.9/41
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n Maday, Patera, Ronquist (90): OIFS.

n      elements of order    ,            grid points

n Interpolation 

n Scalar advection requires 

n OIFS more efficient if sub-step                   "times" 

n Purely Eulerian: regular communication patterns

n Nonlinear OIFS: St-Cyr and Thomas (05)

n Euler (MC2): Girard, Thomas and St-Cyr (07)

Operator integrating factor splitting

K N KN
d

KN
2d

dKN
d+1

< N
d−1
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Operator integrating factor splittingOIFS Sub-cycling
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RPN – p.10/41
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Operator integrating factor splittingOIFS Sub-cycling

tn + ∆t

tn

1
a

xj x

RPN – p.11/41
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Operator integrating factor splittingOIFS Sub-cycling
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RPN – p.12/41
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Operator integrating factor splittingOIFS Sub-cycling

tn + ∆t

tn

1
a

xj x

RPN – p.13/41
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Problem: find integrating factor,         such that               ,

Operator integrating factor splitting

ODE resulting from SEM discretization (MOL)
du(t)

dt
= S(u(t)) + F (u(t)), t ∈ [0, T ]

d

dt
Qt

∗

S (t) · u = Qt
∗

S (t) · F (u).

u(0) = u0

Qt
∗

S (t) Qt
∗

S (t∗) = I

v
(t∗,t)(0) = u(t)

with initial condition 

dv(t∗,t)(s)

ds
= S(v(t∗,t)), 0 ≤ s ≤ t − t∗

To find the action of          solve:

with initial condition

Qt
∗

S (t)
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Nonlinear OIFS
St-Cyr and Thomas (2005) sub-step 

Nonlinear OIFS

St-Cyr and Thomas (2004) sub-step

∂ ṽ

∂s
+ ζ̃ k × ṽ +

1

2
∇ (ṽ · ṽ) = 0

∂ Φ̃

∂s
+ ∇ · (Φ̃ ṽ) = 0

with initial conditions ṽ(x, tn−q) = v(x, tn−q),

Φ̃(x, tn−q) = Φ(x, tn−q).

RPN – p.26/41

Nonlinear OIFS

St-Cyr and Thomas (2004) sub-step

∂ ṽ

∂s
+ ζ̃ k × ṽ +

1

2
∇ (ṽ · ṽ) = 0

∂ Φ̃

∂s
+ ∇ · (Φ̃ ṽ) = 0

with initial conditions ṽ(x, tn−q) = v(x, tn−q),

Φ̃(x, tn−q) = Φ(x, tn−q).

RPN – p.26/41
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Nonlinear OIFS
Integration factor applied to the SWE’s 

Backward Differentiation Formula (BDF-2): 

Non-symmetric due to implicit Coriolis: CGS. 

Time Discretization

Integration factor applied to the SWE’s

d

dt
Qt∗

S (t)

[

v

Φ

]

= −Qt∗

S (t)

[

f k × v + ∇Φ

Φ0 ∇ · v

]

.

Backward Differentiation Formula (BDF-2):

3vn − 4ṽn−1 + ṽn−2

2∆t
= −Mfv

n −∇Φn

3Φn − 4Φ̃n−1 + Φ̃n−2

2∆t
= −Φ0 ∇ · vn

sNon-symmetric due to implicit Coriolis: CGS.
RPN – p.27/41

Time Discretization

Integration factor applied to the SWE’s

d

dt
Qt∗

S (t)

[

v

Φ

]

= −Qt∗

S (t)

[

f k × v + ∇Φ

Φ0 ∇ · v

]

.

Backward Differentiation Formula (BDF-2):

3vn − 4ṽn−1 + ṽn−2

2∆t
= −Mfv

n −∇Φn

3Φn − 4Φ̃n−1 + Φ̃n−2

2∆t
= −Φ0 ∇ · vn

sNon-symmetric due to implicit Coriolis: CGS.
RPN – p.27/41

Terms responsible for 
gravity  waves

Coriolis inverted 
explicitly
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y

Implicit/Explicit

t

x

∆s

∆t

Nonlinear OIFS

St-Cyr and Thomas (2004) sub-step

∂ ṽ

∂s
+ ζ̃ k × ṽ +

1

2
∇ (ṽ · ṽ) = 0

∂ Φ̃

∂s
+ ∇ · (Φ̃ ṽ) = 0

with initial conditions ṽ(x, tn−q) = v(x, tn−q),

Φ̃(x, tn−q) = Φ(x, tn−q).

RPN – p.26/41

Time Discretization

Integration factor applied to the SWE’s

d

dt
Qt∗

S (t)

[

v

Φ

]

= −Qt∗

S (t)

[

f k × v + ∇Φ

Φ0 ∇ · v

]

.

Backward Differentiation Formula (BDF-2):

3vn − 4ṽn−1 + ṽn−2

2∆t
= −Mfv

n −∇Φn

3Φn − 4Φ̃n−1 + Φ̃n−2

2∆t
= −Φ0 ∇ · vn

sNon-symmetric due to implicit Coriolis: CGS.
RPN – p.27/41
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dt=120s
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dt=360s
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dt=720s

55



dt=120s
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Comparison with reference solution from NCAR pseudo spectral 
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Comparison with reference solution from NCAR pseudo spectral 

 0

 0.0002

 0.0004

 0.0006

 0.0008

 0.001

 0.0012

 0.0014

 0  50  100  150  200  250  300  350  400

l1
 e

rro
r

Time in hours

120 secs
360 secs
720 secs

ε = O(∆t
k +

∆xp

∆t
)Falcone and Ferretti 98:
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Discontinuous Galerkin

ut + ∇ · F(u) = S(u)

d

dt

∫

Ωk

ϕhuh dΩ =

∫

Ωk

ϕhS(uh) dΩ +

∫

Ωk

F(uh) ·∇ϕh dΩ −

∫

∂Ωk

ϕhF · n̂ ds

F̂(u+

h
, u

−

h
) =

1

2

[
(F(u+

h
) + F(u−

h
)) · n̂ − α(u+

h
− u

−

h
)
]

Conservation law:

Weak form:

Numerical flux:
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SSP Runge-Kutta with extended 
linear stability region

where α is the upper bound for the absolute value of eigenvalues of the flux Jacobian
F ′(u) in the direction n̂. Boundary integrals are computed using Gaussian quadrature.
The semi-discrete form of (4) – (6) is then given by

duh

dt
= Lh(uh). (13)

4 Time discretization

Strong-stability preserving (SSP) time discretization methods were developed for semi-
discrete method of lines approximation (13) of hyperbolic PDE’s in conservative form,
Gottlieb et al (2001). SSP methods ensure stability in an arbitrary norm once the for-
ward Euler time discretization is shown to be strongly stable, i.e. ‖un+∆tL(un)‖ ≤ ‖un‖.
Higher order SSP integrators are obtained by convex combinations of first-order forward
Euler steps. For a sufficiently small time step dictated by the Courant Friedrichs Levy
(CFL) condition, ∆t ≤ ∆tFE. High-order SSP Runge-Kutta or multistep time discretiza-
tions maintain the strong stability property with a modified CFL restriction, ∆t ≤ c∆tFE.
Strong stability is a monotonicity property for the internal stages and the numerical so-
lution. A general m-stage SSP Runge-Kutta method is given by

u(0) = un

u(i) =
i−1∑

k=0

αiku
(k) + ∆tβikL(u(k)), i = 1, . . . ,m, (14)

un+1 = u(m).

If all βik ≥ 0 and by consistency
∑

αik = 1, then the u(i) are convex combinations of
forward Euler steps with ∆t replaced by βik∆t/αik. Gottlieb et al (2001) provide necessary
conditions for (15) to be SSP, and in particular c = min αik/βik. To compute u(i) for each
stage requires up to m evaluations of the right-hand side L(u(k)). Thus, higher-order
SSP Runge-Kutta methods can be expensive, in terms of the number of floating point
operations, memory to store intermediate stages and parallel communication overhead
per time step. Linear multistep methods (LMM) substitute time levels for stages,

un+1 =
m∑

i=1

αiu
n+1−i + ∆tβiL(un+1−i), αi ≥ 0. (15)

The main advantage of Runge-Kutta schemes is a less restrictive CFL condition. Second
order SSP multistep methods consisting of two or three steps have Courant numbers
C = 1/2, with one right-hand side evaluation per time step. Whereas C = 1 for two or
three stage Runge-Kutta schemes of equivalent order. By observing the link between step
size restrictions for monotonicity and those already known for contractivity, Higueras
(2004) was able to discover second and third order SSP Runge-Kutta methods with

6

dUh

dt
= Lh(Uh).

Higueras 2004, JSC
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Compressible Euler:

5

U
¯

n+1
h −U

¯
n
h

∆t
=

1
2
(Lh(U

¯
n
h + ∆tk1) + Lh(U

¯
n
h)) +

1
2
γA(k2 − k1). (17)

where

A =
∂Lh(U)

∂U
|U=Un

h
(18)

k1

∆t
= Lh(U

¯
n
h) + γAk1 (19)

k2

∆t
= Lh(U

¯
n
h + ∆tk1)− 2γAk1 + γAk2 (20)

The Jacobian can be exact or an approximation. For instance, the same Jaco-
bian free approach used in implicit can be used for the Rosenbrock method:

Aki ≈
Lh(U

¯
n
h + ε∗ki)− Lh(U

¯
n
h − ε∗ki)

2ε∗
. (21)

Therefore, the efficiency problem is now relegated to the use of efficient precon-
ditioning for the matrix I

∆t − γA. Preconditioning the problem can be done by
using a block approximation of the Jacobian and the the diagonal

(I − γ∆t
∂Lh(Un

h )
∂U

)ej ≈
εej − γ∆t(Lloc

h (U
¯

n
h + εej)− Lh(U

¯
n
h))

ε
. (22)

where ε is the square root of the machine epsilon and Lloc
h is the local application

of the rhs: the solution is supposed continuous at the boundaries and the cor-
responding approximate Riemann solvers are simplified. The preconditioning
setup cost stays the same for any number stages employed in the Rosenbrock
method.

2D equations

U
¯
≡ (ρ, ρu, ρw, Θ)T = (ρ, U, W, Θ)T (23)

F(U
¯
) ≡ (F,G) (24)

F = (U,
UU

ρ
+ p,

WU

ρ
,
UΘ
ρ

)T (25)

G = (W,
UW

ρ
,
WW

ρ
+ p,

WΘ
ρ

)T (26)

S(U
¯
) = (0, 0,−gρ, 0)T (27)

p = p0(
RΘ
p0

)γ (28)

where γ = cp/cv.
Pressure can be replaced with :

61



Warm bubble (Robert 93)
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To use or not to use HOMs?
n Low order: 2nd or 3rd

n Very dissipative

n Large dispersion error

n Oscillation control: grid 
point level

n Limiters  - not - cache 
efficient

n CFL: dt  = O(dx)

n Costly halos...

n Spectrally accurate

n No dissipation

n No dispersion error: 
with filtering

n Oscillation control: 
questionable

n Matrix-Matrix 
tensor operations: 
cache friendly

n Halos are minimal
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