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E nsem ble Ka lm an F ilt er

T ap er ing and Kr ig ing

Es t im at ing C O 2 F luxes

Reinhard Furrer, GSP-CGD , NCAR

O ut line o f t he T alk

� E nsem ble Ka lm an F ilt er:

Q uant it aive descript ion of t he e� ect s of
forecast covariance est imat ion in t he K alm an � lt er.

� T ap er ing and K r ig ing :

Int roduce a sparseness st ruct ure
in t he covariance via t apering .

� Es t im at ing C O 2 F luxes:

M odeling t he CO 2 cycle wit h a st at e-space approach
t o gain insigh t in t he uncert aint y of t he error.
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E nsem ble Ka lm an F ilt er

Q ualit at ive and quant it at ive descript ion of t he e� ect s on
t he forecast and analysis covariance for di� erent ensemble
K alman � lt ers.
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P rerequ isit es

Given t he st at e-space m odel

y t = H tx t + w t w t � N m ( 0 ; R t )

x t = G tx t � 1 + v t v t � N n( 0 ; Q t )

t he K alman � lt er uses t he it erat ive quant it ies

P f
t = G tP

a
t � 1G T

t + Q t

K t = P f
t H T

t ( H tP
f
t H T

t + R t )
� 1

P a
t = ( I � K tH

T
t ) P f

t

t o � lt er t he st at e x t given t he observat ions y t ; : : : ; y0.
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A pproxim at ions t o C ovar iance m at r ices

Th e forecast covariance m at rix P f
t is of t en approximat ed

wit h eP f
t :

1. P f
t is est im at ed wit h N ensembles

 eP
f
t = bP f

t : t he ensemble K alman � lt er ( EnK F)

2. P f
t is est imat ed wit h N ensembles and t apered wit h C
 eP f

t = bP f
t � C

W e want t o quant ify t he e� ect of t he approximat ion wit h
�
�
�
�
�
�P f

t � eP
f
t

�
�
�
�
�
�

�
�
�
�
�
�P a

t � eP a
t

�
�
�
�
�
�

forecast analysis di� erence

W e suppose H = I and R = I (  eP a
t = ( eP f

t + I) � 1) and
we consider on ly one-st ep forecast s (  drop subscript t ) .
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G oal o f t he St udy

W hat is t he dependence of
�
�
�
�
�
�P f � eP f

�
�
�
�
�
�

�
�
�
�
�
�( P f + I) � 1 � ( eP f + I) � 1

�
�
�
�
�
�

wit h

eP f = bP f eP f = bP f � C

on ensemble size N , st at e dim ension n and eigenvalues of
� i of P f ?

Supp lement ary quest ions :

� can we generalize t o ot her m at rices H and R ?

� what is an op t im al t aper m at rix C ?
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E nK F 1 2 3 : F orecas t C ovar iance

St raigh t forward analysis leads t o

E
�
�
�
�
�
�P f � bP f

�
�
�
�
�
�2 =

2

N

X

i
� 2

i +
2

N

X

i < j
� i � j

Rem arks:

� we do no t need Gaussianit y,

� o� -diagon al t erms dom inat e,

� for polynom ial spect ra � i � i � � we get sim ple
asympt ot ic result s ( n ! 1 ) .
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E nKF 1 2 3 : A nalys is C ovar iance

W e canno t compu t e t he inverses.

If t here is a m at rix norm such t hat jj� D � �̂ D jj < 1, t hen
t he following equat ion ho lds

�
�
�
�
�
�P a � bP a

�
�
�
�
�
�2 =

1X

i = 2
( i � 1) t r

�
( � D � �̂ D ) i D 2

�

T o use t he approxim at ion
�
�
�
�
�
�P a � bP a

�
�
�
�
�
�2 � t r

�
( � D � �̂ D ) 2D 2

�
� 2 t r

�
( � D � �̂ D ) 3D 2

�

we need t o calculat e

E
�
�̂ 2

i j

�
and E

�
�̂ i j �̂ j k �̂ ki

�
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E nKF 1 2 3 : A nalysis C ovar iance

Evaluat ing t he expressions, we have

E
�
�
�
�
�
�P a � P̂ a

�
�
�
�
�
�2 �

1

N

� X

i

� 2
i

( � i + 1) 4 +
X

i ;j

� i � j

( � i + 1) 3( � j + 1)

�

+
1

N 2

� X

i

� 3
i

( � i + 1) 5 +
X

i ;j

� i � 2
j

( � i + 1) 3( � j + 1) 2

+
X

i ;j

� 2
i � j

( � i + 1) 4( � j + 1)

+
X

i ;j ;`

� i � j � `

( � i + 1) 3( � j + 1)( � ` + 1)

�

For small N t he approxim at ion is useless.
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E nK F w it h t ap er ing 1 2

Th e Schu r product indu ced by t he t apering implies

E
�
�
�
�
�
�P f � bP

f
� C

�
�
�
�
�
�2 = fun ct ion

�
f � i g; f 
 i j g

�

If P f is diagon al we have

E
�
�
�
�
�
�P f � eP

f �
�
�
�
�
�2 =

X

i
� 2

i ( ci i � 1) 2 +
1

N

X

i
c2
i i �

2
i +

1

N

X

i ;j
� i � j c2

i j

For t he `analysis' di� erence we encoun t er t he same prob -
lem s as above.
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E nK F w it h t ap er ing 1 2

W it h P f = ( pi j ) , t he op t imal t aper mat rix C = ( ci j ) sat is� es

X

i ;j

�

� 2ci j p2
i j + c2

i j

�
p2

i j +
1

N
( p2

i j + pi i pj j )
� �

W it hou t fu rt her const raint s it is impossible t o � nd t he
op t imum .
A component -wise m inim izat ion leads t o a t aper mat rix,
bu t C is:

� no t a correlat ion m at rix

� no t always posit ive de� nit e

For param et erized P f we cou ld � nd op t imal paramet ers.
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N um er ica l E xa m ple

Suppose a regu lar 12 � 12 grid in [0; 1]2 and let

( P f ) i j = exp
�
� 0:2ji � j j

�

For 100 M C sam ples we calculat ed t he spect rum .

0 20 40 60 80 100 120 140

0
5

10
15

20
25

i

S
pe

ct
ru

m
l i

True spectrum
No tapering                1774.7 -  2237.5 -  3513.2
Exponential tapering  332.18 -  416.46 -  491.16
Naive tapering            297.32 -  382.89 -  465.84
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F ur t her researc h

� F ind op t imal C for speci� c cases.

� Und erst and t he `analysis' case for small N .
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T ap er ing and Kr ig ing

Int roduce a sparseness st ruct ure in t he covariance
via t apering t o gain com pu t at ional advant ages.

� Th eoret ical just i� cat ion

� Num erical errors

� Const ruct ion of op t im al t apers

T ap er ing and Kr ig ing 14

P rerequ isit es

Suppose a zero m ean second order st at ionary parame-
t erized spat ial process

n
Z ( x) ; x 2 D � Rd

o

wit h observat ions Z = ( Z ( x1) ; : : : ; Z ( xn) T.

Th e kriging est imat or ( B L UP) is

bZ ( x0) = cTC � 1Z

wit h c i = Cov
�
Z ( x0) ; Z ( x i )

�
, c i j = Cov

�
Z ( x i ) ; Z ( x j )

�
.

Th e mean squared error is

M SE( x0) = c00 � cTC � 1c
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M at �ern C ovar iog ram 1 2

W e need a broad, 
 exible class of covariog ram s t o
describe spat ial processes.

W e recomm end t he M at �ern class given by

c( h ) /
�
� jjh jj

�
� K �

�
� jjh jj

�

and wit h spect ral densit y

f ( ! ) /
1

�
� 2 + jj! jj2

�
� + d=2

D i� erent iabilit y at t he origin of t he covariog ram is
relat ed t o t he t ail behavior of t he spect rum .

Th e process is m t im es m ean squared di� erent iable i�

m < �
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M at �ern C ovar iog ram 1 2

T wo realizat ions of M at �ern spat ial � elds:

� = 0:75 � = 1:25
e� ect ive range is 0.2
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A pp ly M . St eins R esu lt s

St ein gives asym pt ot ic result s for m isspeci� ed covariances.

T apering is a form of m isspeci� cat ion .

If we choose t he t aper fun ct ion such t hat t he t apered
covariance sat is� es `cert ain' cond it ions , t hen asympt ot ically

� t he relat ive increase in t he M SE due t o t apering
t ends t o zero

� we have bounds for t his relat ive increase

Th e t aper has t o be as di� erent iable at t he origin as t he
original covariog ram .
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N um er ica l St ud ies 1 2 3 : Set up

O bserve processes on an equispaced 30 � 30 grid in [0; 1]2

wit h a M at �ern covariance st ruct ure ( � , � ) .

W e predict at (0 :5; 0:5) wit h:

� ordinary kriging ( O K ) ,

� ordinary kriging wit h t apering
(T K 0.2, 0.15 , 0.1) ,

� nearest neighbor kriging
( NN 4, 16) .
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N um er ica l St ud ies 1 2 3 : R esu lt s
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Covariog ram param et ers � = 0:75 , � = 0:01 .
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N um er ica l St ud ies 1 2 3 : R esu lt s
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Covariog ram param et ers � = 1:25 , � = 0:0.
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F ur t her researc h

� Ext end t heory t o covariances wit h a nugg et ,

� Compu t at ionally exploit t he sparseness,

� Sm oot h op t im al t aper at origin.
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Es t im at ing C O 2 F luxes

Exam ine how at mosph eric carbon dioxide concent rat ions
have changed.

Und erst and what and how t he carbon budg et a� ect s t he
environm ent .
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Sc hem at ic C O 2 C ycle

O bservat ions

Concent rat ions

F luxes

Es t im at ing C O 2 F luxes 24



St at ist ica l M o del 1 2 : O bserva t ions

W e observe t he CO 2 concent rat ions Z ( si ; t ) at t ime t at
locat ion si wit h di� erent measurement t echn iques.
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St at ist ica l M o del 1 2 :

C oncen t ra t ions and F luxes

Furt her, we m odel t he CO 2 cycle wit h:

X ( s; t ) act ual concent rat ions ( m ixing rat ios) ,

are dynam ically const rained t o X ( s; t � � ) and 
 uxes,

U( s; t ) surface CO 2 
 uxes,

represent t he sources and sinks in t he model.

W e solve for t he unknown 
 uxes U( �; �)
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Inverse M et ho d 1 2

Th e CO 2 surface 
 ux prob lem is formulat ed as an op t imalit y
prob lem (s impli� ed vect or no t at ion)

m in
f ug

X

t
( h( x t ) � z t )

TW 1( h( x t ) � z t )

+
X

t
( u t � ucon

t ) TW 2( u t � ucon
t )

+ ( x0 � xcon
0 ) TW 3( x0 � xcon

0 )

sub ject t o dynam ical const raint s

where:

h( �) is t he measurem ent fun ct ion ,
W i are weigh t m at rices,
superscript `con ' are const raint s,
subscript `0 ' are init ial cond it ions .
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Inverse M et ho d 1 2

Ru n model forward:

wit h init ial concent rat ions and forced by a priori 
 uxes
 ob t ain m odeled measurement hist ory.

Ru n ( adjoint ) m odel backward:

forced by t he weigh t ed measurem ent di� erences
 get t he adjoint t o t he concent rat ions,
 get new est im at es for t he 
 uxes and

init ial concent rat ions.

Repeat un t il convergence is achieved.
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St at ist ica l A pproac h t o C O 2 C ycle

Q uest ions of Analysis:

� How does a observat ion net work in
 uence t he space-
t ime resolut ion of t he uncert aint y?

� Can we improve t he knowledge of t he st at e wit h
inclusion of spat ial cof act ors?

� . . .
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St at e-Spac e D ecom p osit ion

W e decom pose t he observed m ixing rat ios Z ( �; �) as

Z ( si ; t ) = h( X ( s; t ) ; si ; t ) + " ( si ; t )

X ( s; t + � ) =
Z

D
K ( u ; s; t ) X ( u ; t ) du + U( s; t )

U( s; t ) = g( s; t ) +
t � �X

� = t � �
� ( s; � ) U( s; � ) d� + e( s; t )

where

h( �; �; �) is t he measurem ent fun ct ion
K ( �; �; �) is t he ( rando m) t ransport fun ct ion
g( �; �) and � ( �; �) are (sem i) -paramet ric fun ct ions
" ( �; �) and e( �; �) are colored spat io-t em poral processes
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St at e E quat ion 1 2 :

C oncen t ra t ion M o del

D iscret izat ion of space and t ime leads t o t he equat ion

X ( s; t + � ) =
X

u2 Us

K ( u ; s; t ) X ( u ; t ) + U( s; t )

where Us con t ains s and it s � rst order neighbors.

W e cons ider a rando m t ransport fun ct ion .

For example add Gaussian pert urbat ions t o it s element s

 K ( �; �; �) = k( �; �; �) + � ( �; �; �)
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St at e E quat ion 1 2 :

Sourc e and Sink M o del

Th e sam e discret izat ion leads t o

U( s; t ) = g( s; t ) + � ( s; t ) U( s; t � � ) + e( s)

where e( �) is a Gaussian spat ial process.

Th e cofact ors g( �; �) are m odeled as

g( s; t ) =
X

k
� kvk( s; t )
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M arkov C hain M ont e C ar lo

Th e concent rat ions and 
 uxes can be simulat ed wit h a
Gibbs sam pler.

W rit e U =
�
U( si ; t j )

�
, X =

�
X ( si ; t j )

�
and

X k , U k t he respect ive kt h colum n.

Th en

U k

�
�
�U k� 1 is Gaussian,

X k

�
�
�f X k� 1; U kg is Gaussian.

App ly a Gibbs sampler t o get a sequence vec( X ) ( n) .
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W ork in P rogress

� Ru n t he Gibbs sampler

� O pt im ize Gibbs sam pler algorit hm

� Answer t he scient i� c quest ions
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Q uo V ad is

� Ensem ble K alman F ilt er

� T apering and K riging

� Est imat ing CO 2 F luxes
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