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Presentation for NSE. March 2003 Quantitaive description of the e ects of
forecast covariance estimation in the Kalman lter.
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Ensemble Kalman Filter:

. Tapering and Kriging:
Ensem b Ie Ka Im an F Ilt er Introduce a sparseness structure

T apering and Kr Iglng in the covariance via tapering.

Estimating CO » Fluxes . .
Modeling the CO 5, cycle with a state-space approach

& % to gain insight in the uncertainty of the error.

Estimating CO» Fluxes:

Reinhard Furrer, GSP-CGD, NCAR

Prerequisites

Given the state-space model

Ensemble Kalman Filter yi= Hexe+ wy Wi Nm(0;Ry)
Xt= GiXy 1+ Vi vt Nn(0;Q¢)
Qualitative and quantitative description of the e ects on the Kalman Iter uses the iterative quantities

the forecast and analysis covariance for di erent ensemble

f_ T
Kalman lters. Pt = GtP§ 1G{ + Q¢

f f
Ki= P{H{(H{P{H] + Ry 1
Pa= (I KHDP!

to lIter the state xt given the observations y¢;:::;yg.
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Approximations to Covariance matrices
_ o _ Goal of the Study

Th e forecast covariance matrix P; is often approximated
. f.
with Py W hat is the dependence of
1. P{ is estfimatefd with N ensembles pf  pf Pf+ny 1 (ef+)?

P, = Ibt: the ensemble Kalman Iter (EnKF) ith

Wi
o . . .
2. P; isestimated with N ensembles and tapered with C
t e p pf = pf pf = pf ¢
Pl =P, C
on ensemble size N, state dimension n and eigenvalues of

We want to quantify the e ect of the approximation with i of pfo

f f a a

Pt P P Pt Supp lementary questions:
forecast analysis di erence
¢ can we generalize to other matrices H and R?

We suppose H= land R = | ( pa= (P + 1) 1) and
we consider only one-step forecasts ( drop subscript t). what is an optimal taper matrix C?
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EnKF 1 Forecast Covariance

Straightforward analysis leads to

X
Epf pr2=2
N
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N
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Remarks:

we do not need Gaussianity,

o -diagonal terms dominate,

for polynomial spectra ; i
asymptotic results (n! 1).

we get simple
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EnKF 3: Analysis Covariance

Evaluating the expressions, we have

2 oo
E pa pa2 iX i 4+X ISJ
N i(i+1) i;j(i+1)(j+1)
1 X 3 X P 2
+ = i + ]
N2 i (i+ 1)5 i;j( it 1)3( it 1)2
X 2

i
T Cir DA D
X
+ Ll
e Cir D30+ I o+ 1)

For small N the approximation is useless.

B3 Ensemble Kalman Filter

EnKF with tapering 1 2
with Pf = (pij), the optimal taper matrix C = (¢jj) satis es

1
2¢ijpf; + of PG+ (P + pipyj)
i3
Without further constraints it is impossible to nd the
optimum.
A component-wise minimization leads to a taper matrix,
but C is:

not a correlation matrix

not always positive de nite

For parameterized Pt we could nd optimal parameters.
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EnKF 2 Analysis Covariance

We cannot compute the inverses.

If there is a matrix norm such that j D
the following equation holds

"Dj < 1, then

3 )
pa paz2= " ( 1tr( D "D)D?
i=2
To use the approximation
pa pa2 ¢ ( p "D)2p?2 2tr( D "D)3D2
we need to calculate
E /\i2]_ and E Aijl\jkl\ki
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EnKF with tapering 1

Th e Schur product induced by the tapering implies

Eprf ®" c 2= function f ;gf ig

If PT is diagonal we have

1 X

f X
EPf P 2= ?(ci 1)2+W Ciii2+ﬁ__ WL

i i ]

For the “analysis' di erence we encounter the same prob-
lems as above.
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Numerical Example

Suppose a regular 12 12 grid in [0;1]2 and let
(PH)ij = exp  0:2ji jj

For 100 MC samples we calculated the spectrum.
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- - True spectrum

- -+ No tapering 1774.7 - 2237.5- 3513.2
- =. Exponential tapering 332.18 - 416.46 - 491.16
Naive tapering 297.32 - 382.89 - 465.84
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Further research

Find optimal C for speci c cases.

Und erstand the “analysis' case for small N.

Ensemble Kalman Filter

Tapering and Kriging

Introduce a sparseness structure in the covariance
via tapering to gain computational advantages.

Th eoretical justi cation
Numerical errors

Construction of optimal tapers

B4 T apering and Kriging

Prerequisites
Suppose a zero mean second order stationary parame-
terized spatial process

n 0
Z(x);x2D RY

Th e kriging estimator (BLUP) is
2(xg) = ¢c'Cc 1z
with cj = Cov Z(Xg);Z(Xj) , cjj = Cov Z(x);Z(x;) .

Th e mean squared error is

M SE(Xg) = Coo cTc ¢

Bl 4 T apering and Kriging

M atern Covariogram 1
We need a broad, exible class of covariograms to
describe spatial processes.
We recommend the Matern class given by
c(h) / jhj K jhj

and with spectral density
1

! - - @
F 24 1 j2 +d=2

Di erentiability at the origin of the covariogram is
related to the tail behavior of the spectrum.

Th e process is m times mean squared di erentiable i

m <

B4 T apering and Kriging

M atern Covariogram 2

T wo realizations of Matern spatial elds:

= 0:75 = 1:25
e ective range is 0.2

Apply M. Steins Results

Stein gives asymptotic results for misspeci ed covariances.
Tapering is a form of misspeci cation.

If we choose the taper function such that the tapered
covariance satis es ‘certain' conditions, then asymptotically

the relative increase in the MSE due to tapering
tends to zero

we have bounds for this relative increase

Th e taper has to be as di erentiable at the origin as the
original covariogram.

B4 T apering and Kriging

Bl T apering and Kriging



Numerical Studies 1 . Setup

Observe processes on an equispaced 30 30 grid in [0;1]2

We predict at (0:5;0:5) with:
ordinary kriging (OK),

ordinary kriging with tapering
(T K 0.2, 0.15, 0.1),

nearest neighbor kriging
(NN 4, 16) .

AT apering and Kr iging

with a Matern covariance structure ( ,

).

Numerical Studies 1 2 Results
. g 8 o © ° 8
A 2 = g i
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0.2 0.15 0.1 4 12
Covariogram parameters = 0:75, = 0:01.
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Numerical Studies Results
<
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Covariogram parameters = 1:25, 0:0

Further research
Extend theory to covariances with a nugg et,
Computationally exploit the sparseness,

Smooth optimal taper at origin.

AT apering and Kr iging

Schematic CO 5 Cycle

Observations

Concentrations

Estimating CO > Fluxes

Examine how atmospheric carbon dioxide concentrations
have changed.

Und erstand what and how the carbon budg et a ectsthe
environment.

Estimating CO, Fluxes

Fluxes

[ Dissalve:

organic carbon——>=|  deep ocean
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Statistical Model 1 2: Observations Statistical Model 2:

We observe the CO, concentrations Z(sj;t) at time t at Concentrations and Fluxes
location sj with di erent measurement techniques.

Further, we model the CO, cycle with:

X (s;t) actual concentrations (mixing ratios),
are dynamically constrained to X (s;t ) and uxes,

U(s;t) surface CO, uxes,
represent the sources and sinks in the model.

W e solve for the unknown uxes U( ;)

Estimating CO, Fluxes

Estimating CO, Fluxes

Inverse Method 1 Inverse Method 1 2
Th e CO, surface ux problem isformulated as an optimality Run model forward:
problem (simpli ed vector notation) with initial concentrations and forced by a priori uxes

rpulg (h(xt) zt)TW 1(h(x0)  zp) obtain modeled measurement history.
t

X
+ 7 (up uf™TwWoo(uy  ufom) Run (adjoint) model backward:
t ) .
forced by the weighted measurement di erences
+(xo x§™TWalxo x§™) y e e ‘
. ; ) get the adjoint to the concentrations,
subject to dynamical constraints get new estimates for the uxes and

where: initial concentrations.

h( ) is the measurement function,
W ; are weight matrices,
superscript “con' are constraints,
subscript "0’ are initial conditions.

Repeat until convergence is achieved.

Estimating CO, Fluxes

Estimating CO, Fluxes

State-Space Decomposition

Statistical ApproaCh to CO 2 CyCIe We decompose the observed mixing ratios Z( ; ) as

Questions of Analysis: Z(si;t) = h(X(s;t);si;t) + "(siit)
z

How does a observation network in uence the space- X(sit+ )= DK(U?S?t)X(lHt) du + U(s;t)

time resolution of the uncertainty? tx
U(s;t) = g(s;t) + (s; )U(s; )d + e(s;t)
Can we improve the knowledge of the state with =t

inclusion of spatial cofactors? where

h(; ;) is the measurement function

K(; ;) isthe (random) transport function

g(;) and (;) are (semi)-parametric functions

"(;) and e( ;) are colored spatio-temporal processes

Estimating CO, Fluxes

Estimating CO, Fluxes



State Equation 1
Concentration Model

Discretization of space and time leads to the equation

X
X(s;t+ )= K (u;s;t)X (u;t) + U(s;t)
u2Us
where Us contains s and its rst order neighbors.

We consider a random transport function.

For example add Gaussian perturbations to its elements

KGi)=k(i)+ )

Estimating CO, Fluxes

State Equation 2:
Source and Sink Model

Th e same discretization leads to
U(s;t) = g(s;it) + (s;)U(s;t ) + e(s)

where e( ) is a Gaussian spatial process.

Th e cofactors g( ; ) are modeled as

X
g(s;t) = KVk(s:t)

Estimating CO, Fluxes

M arkov Chain Monte Carlo

Th e concentrations and uxes can be simulated with a

Gibbs sampler.
Write U = U(sj;tj) , X = X(sj;tj) and
Xk, Uk the respective kth column.

Th en
Uk Uk ;1 is Gaussian,

Xk fXk 1;Ukg is Gaussian.

Apply a Gibbs sampler to get a sequence vec(X)(”) .

Estimating CO, Fluxes

Work in Progress

Run the Gibbs sampler
Optimize Gibbs sampler algorithm

Answer the scienti ¢ questions

Estimating CO, Fluxes

Quo Vadis

Ensemble Kalman Filter

Tapering and Kriging

Estimating CO» Fluxes



