Slide 1

Workshop on Spatial temporal modeling. June 2-6 03.

Spectral methods for spatial processes Montserrat Fuentes

Statistics Department NCSU

fuentes@stat.ncsu.edu

http://www.stat.ncsu.edu/∼fuentes

Slide 2

Spectral methods are a powerful tool for studying the spatial-temporal structure of random fields and generally offer significant computational benefits.

Fourier Analysis

Discrete Fourier Analysis: A discrete Fourier analysis of a spatial process, also called a harmonic analysis, is a decomposition of the process into a sum of sinusoidal components (sines and cosines waves). The coefficients of these sinusoidal components are the discrete Fourier transform of the process.

Slide 3

Figure 1: Monthly average total ozone levels (TOMS), 65^oS to 65^oN.

Why Fourier basis?

Sinusoids have some characteristic properties which give them a distinguished role to represent a spatial process Z.

Slide 4

• A sinusoid of frequency ω (# cycles/time unit), or period 1/ω (in time domain units), may be written as

Z(t) = Rcos(ωt + ϕ)

where R is the amplitude and ϕ is the phase. If the location is changed to u = (t − a)/b which incorporates a change of both origin and scale, Z(t) becomes

Z^∗(u) = Z(a + ub) = Rcos(ωub + ϕ + ωa) = R^′cos(ω^′u + ϕ^′)

where R^′ = R, ω^′ = ωb and ϕ^′ = ϕ + ωa. Thus the amplitude is unchanged, the frequency is multiplied by b (the reciprocal of the change in the space domain), and the phase is altered by an amount involving the change of space origin and the frequency of the sinusoid. Since the space origin associated with a set of data is often arbitrary, the simplicity of these relationships is useful.

Slide 5

• The sum of sinusoids with a common frequency is another sinusoid with the same frequency. In fact, since

Rcos(ωt + ϕ) = Rcos(ωt)cos(ϕ) − Rsin(ωt)sin(ϕ)

any sinusoid with frequency ω is a linear combination of the two basis functions cos(ωt) and sin(ωt), and the converse is also true.

Slide 6

• A further useful feature of the sinusoids is their behavior under sampling, i.e. when we observe a process that is defined on a continuous space at an equally spaced set of values in a lattice (there is lost of information).

If the distance between neighboring observations in the lattice is Δ, the sinusoids Rcos(ωs + ϕ) and Rcos(ω^′s + ϕ) are indistinguishable if ω − ω^′ is a (integer) multiple of 2π/Δ.

This phenomenon known as aliasing. Aliasing is a relatively simple phenomenon: when one takes a discrete set of observations on a continuous function, information is lost.

Slide 7

Figure 2: Undersampling in space.

Slide 8

Ozone example: The dominant part of the annual cycle may be expected to be of the form

S(t) = μ + Rcos(2π(ωt + ϕ)) = μ + A_1cos(2πωt) + B_1sin(2πωt)

where the frequency is ω = 1/12 cycles per month.

The seasonal behavior in the ozone data could not be described by a single sinusoid with the annual frequency (1/12 cycle per month). If a semi-annual wave is added to the model the resulting five-parameter model is

μ + A_1cos(2πωt) + B_1sin(2πωt) + A_2cos(4πωt) + B_2sin(4πωt)

Slide 9

Frequencies that are integer multiples of 1/n are said to be harmonic with respect to the span of the data, and are known as the Fourier frequencies. A sinusoid with the jth Fourier frequency, i.e. frequency j/n, executes j complete cycles in the span of the data, thus providing a useful interpretation of the index j .

Slide 10

Fourier series for periodic functions

We could model a time series of length N

X(t) = μ + N/2∑ j=1 [Aj cos(2πωj t) + Bj sin(2πωj t)] for ωj = j/N where the Aj and Bj rv’s are uncorrelated with zero mean and variance σ^2_j , such that var(X(t)) = σ^2 = ∑_{N/2} j=1 σ^2_j . Thus, we decompose the process variance into N/2 components, each associated with the expected squared amplitude of sinusoids of a particular frequency.

For mathematical convenience we could use complex exponentials instead of sinusoids directly: e^{ix} = cosx + isinx. Thus, cosx =^1_2 (e^{ix} + e^{−ix}), and sinx =^1_{2i} (e^{ix} − e^{−ix}).

Slide 11

Fourier transforms

Periodic functions are represented by a discrete set of frequency components; non-periodic functions involve a continuous range of frequencies. Supposed that g() is a real or complex-valued function, we define f(ω) = ∫ Rd g(s) exp {iω^ts}ds (1)

The function f in (1) is said to be the Fourier transform of g. Then, g has the representation

g(s) = 1 (2π)^d ∫ Rd f(ω) exp {−iω^ts}dω The function g and f are said to be a Fourier transform pair. It is often useful to think of functions and their transforms as occupying two domains. These domains are referred to as the time (or space) and frequency domains respectively.

Slide 12

Spectral representation

Can any process Z(s) be represented using Fourier basis? Yes, if it is stationary.

Z is a stationary process when the mean is constant and cov(Z(x + y), Z(y)) = C(x), where C is the covariance function that provides a measure of spatial correlation by describing how sample data are related with distance and direction.

Figure 3: Covariance models: Exponential and Gaussian.

Slide 13

Figure 4: Variogram and Covariance. The variogram is γ(x) = C(0)−C(x), where C is the covariance function.

Slide 14

Figure 5: Simulated spatial process using an exponential covariance C(x) = σe^{−|x|/ρ} + c_0I(x = 0), with range (ρ) =.3, sill(σ) =1, nugget (c_0)=0. Circles: 1st quantile. Triangles: 2nd. Plus: 3rd. Crosses: 4th.

Slide 15

Figure 6: Plot of the theoretical and empirical variogram function. The variogram is γ(x) = C(0) − C(x), where C is the covariance function. Using an exponential covariance with range =.3, sill =1, nugget =0.

Slide 16

Figure 7: Exponential with range =3, sill =1, nugget =0.

Slide 17

Figure 8: Exponential with range =3, sill =1, nugget =0.

Slide 18

Matérn class of covariances C(x) is a Matérn stationary covariance at a distance x :

C(x) = σ 2^{ν−1}Γ(ν)α^{2ν} (2ν^{1/2}|x|/ρ)^ν K_ν (2ν^{1/2}|x|/ρ), where K_ν is a modified Bessel function, d is the dimensionality. Parameters: smoothing parameter ν > 0, range ρ > 0 and sill σ. For ν =^1_2 , we get C(x) = σe^{−|x|/ρ}.

Critical parameter: ν. The larger ν the smoother the process is, Z will be n times mean square differentiable if and only if ν > n.

Slide 19

Figure 9: Covariances. Matérn Class for ν = 1/2 (exponential covariance) and ν = 3/2.

Slide 20

Figure 10: Matérn ν = 3,range =.3, sill =1, nugget =0.

Slide 21

Figure 11: Matérn ν = 3,range =.3, sill =1, nugget =0.

Slide 22

Figure 12: Matérn ν = 3,range =.3, sill =2, nugget =2.

Slide 23

Figure 13: Matérn ν = 3,range =.3, sill =2, nugget =2.

Slide 24

Consider a weakly stationary process Z with mean 0 and covariance C. Before we can apply the ideas of Fourier series and Fourier integrals we must first ask:

• Can we represent a typical realization as a Fourier series? The answer to this question is clearly “No”.

• The next question is: Can we represent a typical realization as a Fourier integral? “No”. Maybe we can not distribute the power over a continuous range of frequencies, but over a set of frequencies with discontinuities. This will lead to a Fourier type integral called Fourier-Stieltjes.

Z(s) = ∫ e^{isωT} dY (ω), where Y measures the average contributions from all components with frequencies less than or equal to ω.

Slide 25

The spectral representation theorem To every stationary Z(s) there can be assigned a process Y (ω) with orthogonal increments, such that we have for each fixed s the spectral representation: Z(s) = ∫ R^2 e^{isT ω}dY (ω) (2) The Y process is called the spectral process associated with a stationary process Z. The process Y has orthogonal increments: E[(Y (ω_3) − Y (ω_2))(Y (ω_1) − Y (ω_0))] = 0, when (ω_3, ω_2) and (ω_1, ω_0) are disjoint intervals. If we define F as E|dY (ω)|^2] = dF (ω) F is a positive measure.

Slide 26

Bochner’s theorem We derive the spectral representation of C :

C(s) = ∫ R^2 e^{isT ω}dF (ω) Thus, C is nonnegative definite if and only if it can be represented in the form above where F is real, never-decreasing, and bounded. If we compare the spectral representation of C(s) and Z(s)

C(s) = ∫ R^2 e^{isT ω}dF (ω)

Z(s) = ∫ R^2 e^{isT ω}dY (ω) it will be seen that the elementary harmonic oscillations are respectively e^{isT ω}dF (ω), e^{isT ω}dY (ω)

Slide 27

We have Sill = E|Z(s)|^2 = C(0) = F (R^2) Thus, F determines the power spectrum of the Z process. We may think of this as a distribution of a spectral mass of total amount C(0) over the ω axis. F only differs by a multiplicative constant from an ordinary d.f. If F has a density with respect to Lebesgue measure, this density is the spectral density, f = F^′, defined as the Fourier transform of the autocovariance function: f(ω) = 1 (2π)^2 ∫ R2 exp(−iω^T x)C(x)dx,

then, Sill = E|Z(s)|^2 = F (R^2) = ∫ R2 f(ω)dω

Slide 28

Figure 14: Covariances. Matérn Class for ν = 1/2 (exponential covariance) and ν = 3/2.

Slide 29

Figure 15: Spectral Densities. Matérn Class for ν = 1/2 (exponential covariance) and ν = 3/2.

Slide 30

Spectral densities

Matérn class Matérn spectral density:

f(ω) = ϕ(α^2 + |ω|^2)(^{−ν− d2} ) (3) with parameters ν > 0, α > 0 and ϕ > 0 (the value d is the dimension of the spatial process Z). Here, the vector of covariance parameters is θ = (ϕ, ν, α). The parameter α^{−1} can be interpreted as the autocorrelation range. The parameter ν measures the degree of smoothness of the process Z, and ϕ is a scale parameter. For high frequencies: f(ω) ∼ ϕ|ω|^{(−2ν−d)} (4)

Slide 31

Gaussian model The density of a a spatial process with an isotropic Gaussian covariance: C(r) = σe^{−αr2} is f(ω) = 1 2 σ(πα)^{−1/2}e^{−ω2/(4α)} Note that C and f both are the same type of exponential functions. The parameter σ is the variance of the process and α^{−1} is a parameter that explains how fast the correlation decays. For this process the covariance is infinitely differentiable, so the corresponding Z process has mean square derivatives of all orders, then_m ∑ j=0 Z^{(j)}(0)x^j/j! → Z(x),

Slide 32 as m increases, this means that is possible to predict Z(x) perfectly for all x (any location of interest) based on observing Z(s) in a neighborhood of 0, where x = 0 is an arbitrary reference point in space. This type of behavior usually would be considered unrealistic for a physical process.

Slide 33

Figure 16: Plot of Gaussian covariance e^{−x2/2} (dashed line) and matérn covariance e^{|x|}(1 + |x|) (solid line) ν = 3/2. Both are of the form 1 −^1_2 x^2 + O(|x|^3) (for small x).

Slide 34

Figure 17: Plot of Gaussian spectral density e^{−x2/4} (dashed line) and matérn spectral density (1 + |x|^2)^{−ν+1/2} (solid line) ν = 3/2.

Slide 35

Empirical Covariance.

Empirical covariances are likely to be a poor way to distinguish between possible models.

BEHAVIOR AT ORIGIN: For Gaussian and Matérn ν = 3/2: 1 − 1 2 x^2 + O(|x|^3) (for small x)

However, Matérn ν = 3/2 has only two derivatives at origin and Gaussian is analytic.

More accurate to focus on the high frequency behavior of the spectrum, low frequency behavior of spectrum have little effect on interpolation.

Slide 36

Figure 18: This figure shows the output of Models-3 for the week starting July 11, 1995. We divide the domain in 9 subregions.

Slide 37

Figure 19: This figure shows the estimated parameters for the Matérn spectral densities of the local stationary processes Z_i for i = 1, . . . , 9.

Slide 38

Figure 20: Matérn estimated covariances using a likelihood approach.

Slide 39

ESTIMATING THE SPECTRUM

• The periodogram I_n estimates the spectral density f of a process Z observed in a grid n × n,

I_n(ω) = (2πn)^{(−2)} | | | | ∑ j∈J Z(j)e^{−iωT j} | | | | 2

we consider only the periodogram at the Fourier frequencies 2πj/n for j ∈ J = {−⌊(n − 1)/2⌋, . . . , n − ⌊n/2⌋}^2. • Periodogram values are approximately independent.

• Periodogram asymptotically unbiased.

The periodogram is simply the discrete fourier transform of the sample covariance.

Slide 40

Spectral weighted-non-linear least squares technique Consider modeling the spatial structure of Z by fitting a spectral density f to the periodogram values. We could use a weighted non-linear least squares (WNLS) procedure, that gives more weight to higher frequency values because high frequencies are important for interpolation.

We propose using as weights f(ω)^{−1} to give higher weight to higher frequencies. This is reasonable since for large N the approximate standard deviation of the periodogram I_N is f(ω). This is similar to the weighted least squares method used in the space domain to fit a variogram model (Cressie, 1985). Though, periodogram values are approximately independent while variogram values are not.

Slide 41

Likelihood function In general, environmental datasets are very large and calculating the determinants that we have in the likelihood function can be often infeasible.

Spectral methods could be used to approximate the likelihood and obtain the maximum likelihood estimate of the covariance parameters.

Whittle (1954) proposed the following approximation to the Gaussian negative log likelihood: ∑ j∈J_N { logf (2πj/n) + I_N (2πj/n) (f (2πj/n))^{−1} } , (5)

sum considered at the Fourier frequencies (2πj/n). We recommend to leave out of the sum the small frequencies, at least the frequency 0, to avoid the problem of estimating the unknown mean of Z.

Slide 42

NONSTATIONARY MODELS

• The most extensively studied method for nonstationarity is the deformation approach due to Sampson and Guttorp (1992).

• Haas (1995) proposed an approach to nonstationary spatial kriging based on moving windows.

• Higdon, Swall and Kern (1999) use a moving average specification of a Gaussian process.

• Nychka and Saltzman (1998) present an extension of the “ empirical orthogonal functions” (EOF) approach that is popular among atmospheric scientists.

• Wikle et al. (2001) use a wavelet-based representation for the covariance.

• Fuentes (2001, 2002), and Fuentes and Smith (2001) introduced a nonstationary covariance model with parameteres varying with location.

Slide 43

New Model for nonstationarity

SPATIAL SPECTRA (Fuentes, 2002) We present an approach for the spectral analysis of non-stationary spatial processes, Z(x), which is based on the concept of spatial spectra, this means spectral functions which are space dependent, f_x(ω).

The spectral representation of Z(x) is always interpreted as its representation in the form of superposition of sine and cosine waves of different frequencies ω

Z(x) = ∫ R^2

exp(ix^T ω)ϕ_x(ω)dY (ω)

Slide 44

The functions ϕ_x(ω) are slowly varying functions of x satisfying ∫ R^2 |ϕ_x(ω)|^2dω < ∞. The covariance function, C, of Z(x) is

cov{Z(x), Z(y)} = C(x_1, x_2) = ∫ R^2 ∫ R^2

exp{i(x_1 − x_2)^T ω)}ϕ_{x1} (ω)ϕ^c_{x2} (ω)dω.

In particular:

var{Z(x)} = C(x, x) = ∫ R^2 |ϕ_x(ω)|^2dω. Then, f_x(ω) = |ϕ_x(ω)|^2 is the spatial spectral density of Z.

Slide 45

Nonparametric spatial spectral estimate

We propose a nonparametric estimate of the spectral density. We first define J_x(ω_0),

J_x(ω_0) = Δ

x_1∑

u_1=x_1−n_1 x_2∑

u_2=x_2−n_2

g(Δu)Z(Δ(x − u))

exp{−iΔ(x − u)^T ω_0},

where s = (s_1, s_2), and {g(u)} is a filter. We refer to |J_x(ω)|^2 as the spatial periodogram at a location x for a frequency ω. |J_x(ω)|^2 is an approximately unbiased estimate of f_x(ω) (Fuentes, 2002) but as its variance may be shown to be independent of N it will not be a very useful estimate in practice. Then, we estimate f_x(ω) by “smoothing” the values of |J_x(ω)|^2 over neighboring values of x.

Slide 46

More precisely, let W_ρ be a weight function or “window”, depending on the parameter ρ. Then, we estimate f_x(ω_0) by

f̂_x(ω_0) =^{x1} ∑ v_1=x_1−n_1 x_2∑

v_2=x_2−n_2

W_ρ(v) |J_{x−v}(ω_0)|^2

Thus, f̂_x(ω_0) can be interpreted as an average of the total energy of the process contained within a band of frequencies in the region of ω_0 and an region in space in the neighborhood of x. Parametric estimate We assume a parametric model for the spectral density, a Matérn with parameter θ_i changing with location.

f_i(ω) = ϕ_i(α^2_i + |ω|^2)(^{−νi− d2} ), The parameters α_i, ν_i and ϕ_i vary with location.

Slide 47

New Spatial-temporal models

A spatial-temporal field Z(s, t), where s represent space and t time, is separable if Cov{Z(s, t), Z(s^′, t^′)} = C_1(s, s^′)C_2(t, t^′) for some spatial covariance C_1 and temporal covariance C_2. A class of nonseparable spatial-temporal models were proposed by Cressie and Huang (JASA, 99), Gneiting (JASA, 02), and by Stein (2003).

Here we define a new class of generalized spectral representations for nonstationary and nonseparable spatial temporal processes. For this new class of spatial temporal models the spectral representation itself and the corresponding spectral distribution function (or spectral density) can change slowly on space and time.

Slide 48

Figure 21: Spatial-temporal separable covariance.

Slide 49

Figure 22: Spatial-temporal non-separable covariance.

Slide 50

Let Z be a nonseparable process, we propose the following representation Z(x, t) = ∫ R^3 exp(ix^T ω + itτ)ϕ_{x,t}(ω, τ)dY (ω, τ). (6) It is easy to see that then the covariance function, C, of the nonseparable process Z(x, t) is given by the formula cov{Z(x_1, t_1), Z(x_2, t_2)} = C(x_1, t_1; x_2, t_2) = ∫ R^3

exp{i(x_1 − x_2)^T ω)}exp{i(t_1 − t_2)^T τ}ϕ_{x1,t1} (ω, τ)ϕ^c_{x2,t2} (ω, τ)dωdτ (7) In particular var{Z(x, t)} = C(x, t; , x, t) = ∫ R^2 |ϕ_{x,t}(ω, τ)|^2dωdτ (8)

Slide 51

Locally (in a neighborhood of s_i = (x_i, t_i)) we propose the following parametric model for ϕ, ϕ_{si} (ω, τ) = γ_i(α^2_i + ‖ω‖^2 + β^2_i |τ|^2)(^{−νi− d2} )^{/2} (9) with parameters ν_i > 0, γ_i > 0 and γ_i > 0, where d is the dimension (d = 3 for space and time). The parameter 1/α_i explains the rate of decay of the spatial dependency; for the temporal component the rate of decay is explained by β_i/α_i; γ_i is a scale parameter.

Slide 52

Conclusions

• A Stationary spatial process can be always represented in terms of sines and cosines (Fourier basis). This is called a spectral representation.

• Spectral methods offer enormous computational benefits (Whittle likelihood, FFT).

• A nonstationary process can be also represented using Fourier basis with varying amplitude (Fuentes, 02). Wavelets is an alternative approach used by Wikle, and Nychka amount others.

• Nonseparable (valid) spatial-temporal covariance models can be easily obtained using spectral methods (Cressie and Huang, 99 , Stein, 03).

• Nonstationary and nonseparable (valid) spatial-temporal covariance models can be also obtained using spectral methods (Fuentes, 03).

Slide 53

Books about spectral methods for spatial data:

• Christakos, G. (1992).

• Stein (1999).

• Yaglom (1987).

Slide 54

References

Cressie, N. and Huang, H.–C. (1999). Classes of nonseparable, spatio-temporal stationary covariance functions. Journal of the American Statistical Association, 94, 1330-1340.

Christakos, G. (1992). Random Field Models in Earth Sciences. San Diego: Academic Press.

Fuentes, M. (2001). A new high frequency kriging approach for nonstationary environmental processes. Envirometrics, 12, 469-483. Fuentes, M. (2002). Spectral methods for nonstationary spatial processes.Biometrika, 89 197-210.

Fuentes, M. (2003), ”Testing for separability of spatial-temporal covariance functions.” Tech. report #2545 at NCSU, Statistics

Slide 55

Department (under review by JASA).

Fuentes, M. (2002b), ”Modeling and testing for non-stationarity of spatial processses.” Tech. report #2533 at NCSU, Statistics Department (under review by JMA).

Fuentes, M. and Smith, R. (2001). A new class of nonstationary models. Tech. report at North Carolina State University, Institute of Statistics Mimeo Series #2534.

Gneiting, T. (2002). Nonseparable, stationary covariance functions for space-time data, JASA, 97, 590-600.

Haas, T.C. (1995), Local prediction of a spatio-temporal process with an application to wet sulfate deposition. J. Amer. Statist. Assoc. 90, 1189–1199.

Higdon, D., Swall, J. and Kern, J. (1999), Non-stationary spatial modeling. In Bayesian Statistics 6, eds. J.M. Bernardo et al., Oxford

Slide 56

University Press, pp. 761–768.

Matérn, B. (1986), Spatial Variation. Lecture Notes in Statistics, Number 36, Springer Varlag, New York. (Second edition: originally published in 1960).

Nychka, D., Wikle, C. and Royle, A. (2002). Multiresolution models for nonstationary spatial covariance functions. Statistical Modeling 2, 299-314.

Sampson, P.D. and Guttorp, P. (1992), Nonparametric estimation of nonstationary spatial covariance structure. J. Amer. Statist. Assoc. 87, 108-119.

Stein, M. L. (1999). Interpolation of Spatial Data. Springer, New York.

Stein, M. L. (2003). Space-time covariance functions. Tech. Report, University of Chicago.

Slide 57

Wikle, C. K., Milliff, R. F., Nychka, D. and Berliner, M. (2001). Spatiotemporal Hierarchical Bayesian Modeling: Tropical Ocean Surface Winds. Journal of the American Statistical Association, 95 1076-1987.

Yaglom, A. M. (1987). Correlation Theory of stationary and related random functions I. Springer-Verlag, New York.