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Computer model validation
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Question:
Does the computer model adequately represent the reality?



Challenge 1 - Expensive-to-run

» Simulator yM(z) is exercised only at

yM(zy), ..., yM(z,).

» GaSP (Sacks et al., 1989) uses statistical models as fast
surrogates,

- Prior:

- Emulator:

yM(z) | Data ~ N (rﬁ(z), V(z)) .



Interpolator




Challenge 2 - Multiple sources of uncertainty

» Kennedy and O’Hagan (2001) give a broad discussion.

» Three major ones are:

- Code uncertainty.
- Calibration input u*.
- Bias by-.
» SAVE (Bayarri et al., 2005) models scalar outputs as
yE(v) = yM(ur,v) + by (v) + er(v).
- Confounding between u* and b.

- Need informative priors.



More challenges

» Uncertain (field) inputs.
z=(v,u,9).

- v: configuration inputs.
u: calibration inputs (true u*).

4: unknown field inputs (true 6).

- Let (v;, ;) denote those for the ;™ field run in the /"
configuration.

» Functional outputs (over time).
SAVE (Bayarri et al., 2005) treats time t as another input.



Bias structure

yrl:(vivé;;'? U*; t)

b(vi, 5};, u*;t)

yM(vi, 85, Ui 1) + b(vi, 85, U*; £) + e (1),

bu-(vi, 1) + €f(1).

known ,
GP (pp, T2Corry (-, -)Corre(-, )
GP (0, 02Corry(-, ")) ,

GP (0, 52Corry(-,-)) .



Limitations

» Treating t as another input,

- is only applicable to low dimensional problem.

- need smoothness assumption.
» Need new methodology to deal with:

- Complex computer models.
- High dimensional irregular functional output.
- Uncertain (field) inputs.
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Notation

Yr (Vha* ) yM(V,,(S;;,u t)+lel*(Vl76;rt)+eljr(t)



Notation

yEi 65 0) = yM(vi 6. uti t) + yB-(vi. 55 t) + ()

» Inputs to the code.
» v;: configuration.
> §j: unknown inputs.
» u*: calibration parameters.



Notation

yf(viaa;;'; t) = yM(Vi:(s;;v U*; t) +y5*(V/75;, t) + el_/l’(t)

» Inputs to the code.
» v;: configuration.
> §j: unknown inputs.
» u*: calibration parameters.

» Simulator.



Notation

Yr (Vha* t) = yM(V,,d;j,u t)+y5*(vi767};t)+eijr(t)

» Inputs to the code.

» v;: configuration.

> §j: unknown inputs.

» u*: calibration parameters.
» Simulator.

» Bias function.



Notation

yE(vi, 85 8) = yM(vi, 65, u%: ) + yg-(vi, 65 ) + (1)

» Inputs to the code.
» v;: configuration.
> §j: unknown inputs.
» u*: calibration parameters.

» Simulator.
» Bias function.
» Reality yF-.



Notation

yE(vii o5 t) = yM(vi, 85, U™ ) + yg (vi, 85: 1) + ey (1)

v

Inputs to the code.
» v;: configuration.
> §j: unknown inputs.
» u*: calibration parameters.

» Simulator.
» Bias function.
» Reality yF-.
Field runs.

v



Notation

v (vi, g t) = yM(v;, gy, u;t) + Ya-(vi, 5 t) + ey (1)

v

Inputs to the code.
» v;: configuration.
> §j: unknown inputs.
» u*: calibration parameters.

Simulator.

Bias function.
Reality yF-.

Field runs.
Measurement errors.

vV v.v v VY



Basis expansion

Represent the functions as:

yM(z;:t) =

yﬁ*(via(s;';';t) =

yi(vi,é5:t) =

S wi(Zp)n(0),
Shly wWE (Vi 85)x(t),

SRy wh(vi, 85 en(t),

j=1,...,n"
i=1,...,m),
j=(,...,n)
r=1,....r



Thresholding

Reduce computational expense,

yM(zj: t) ~ Zk o W (2))¢i(t),

y (v,,é* t)

Q

y,(V,,(S ) = Zk § W (v, 83 vk(1),

Zk 1Wk(vh 65 vk(t),

j=1,...,n"
i=,...,m),
j=0,...,nf);
r=1,....r;



Emulators

Foreach k=1,..., W,

wl(:) ~ GP (M, o®MiCorry(, ) )

» Corrg(-,): power exponential family,

p
/ rol
Corrg(z,z ) = exp <_ Z/@((ij) | zg — 2,4 !ade
d=1

» Modular approach:

A M, ~
(wi(2) | Data, %, 524, oM, 5M) ~ N (ml(2), U



Bayesian analysis
Foreachk =1,..., W,
wh(vi,65) = wi(vi,6;) + ejr ejir ~ N (0,02F)
wi(v;, 85) = wl(v;, 85, u) + wh(v;,87).

we(vi,05) = bi(vi) + b



Bayesian analysis

Foreachk=1,...,

Wkr(V, 6*)
wi(v;, ;)

WkB(V,', 57;)
» Data:

~F
- Wi =

2 _
- S =

T

Wo,

ejkr ~ N (0,0%")

WE(V,', 5;) + €ijkr
= w)(v;, 65, u") + wl(v;,6}).

= bk(V,') + Eg'k

L wh(vi, 67).

I —
j (Wkr(Vh(s ) Wiﬁ()z-

- (), V().



Bayesian analysis

Foreach k=1,..., W,

WiV, 8}) = Wf(vi, 57}) +ejkrs e~ N(0,0%7)
we(vi,8;) = bi(vi)+ fff'k
» The bias,
Bi(vi) ~ GP (uf, o38Corf(-, 1)), e ~N(0,0F%).

with correlation,

Pv
; )
Corrg(v,v') = exp (— S 58 | vy - vy | ) :

d=1



Bayesian analysis

Foreachk=1,..., W,

Wie(Vi 07) = wi(vi, &) +ejr, € ~ N (0,0%7)
wi(vi,87) = w{(vi, &), u) + wl(vi, &)
we(vi,05) = bi(vi) + b

» Unknowns:



Bayesian analysis

Foreach k=1,..., W,

Wie(Vi 07) = wi(vi, ) + e, € ~ N (0,0%7)
wi(vi.67) = wi(vi.o),u) + wh(vi,5)).
we(vi,0j) = bi(vi) + by

» Unknowns:

> Inputs: u* and Jj.



Bayesian analysis

Foreach k=1,..., W,

WiV, 8}) = Wf(vi, 57}) +ejkrs e~ N(0,0%7)
we(vi,8;) = bi(vi)+ ﬁgk
» Unknowns:

> Inputs: u* and 4;.
> Bias: {bk(-)}, w2(vi,dy).



Bayesian analysis

Foreachk =1,..., W,

wi(vi,05) = wi(vi,05) +ejir,  ejr ~N(0,08)
wi(vi,6;) = wl(v, o5 u") + wp(v;,6}).
we(vi,05) = bi(vi) + b

» Unknowns:

> Inputs: u* and Jj.
> Bias: {bk(-)}, w2(vi,dy).

> Model: w/(v;, &}, u).



Bayesian analysis

Foreachk=1,..., W,

Wie(Vi 03) = wi(vi,6)) +ejr, € ~N(0,0%7)
Wk(V,,(s*) = (Vla(s;;a )—I—W,‘?(V;,é;).
wh(vi.6;) = bi(vi)+ e

» Unknowns:

> Inputs: u* and Jj.

> Bias: {bk(-)}, w2(vi,dy).
> Model: wM(v;, 67, ur).
> Reality: {wf(v;,d;)}



Bayesian analysis

Foreachk=1,..., W,

Wie(Vi 07) = wi(vi, &) + cjr, € ~N(0,057)
wﬁ(v,,&,j) = (VI;J;;a )—I—W,‘?(V;,é;).
wB(vi,85) = bi(v)+ b,

» Unknowns:

> Inputs: u* and Jj.

Bias: {bx(-)}, we(vi, ).
Model: w¥(v;, 65, u*).
Reality: {w/(v;,8;)}

v

\4

v

Hyper-parameters: 022, 028, o2F 2.

v
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The road load data 1

» Time history data at T = 90843 time points.

» Inputs include:

- One configuration v = Xpom.
- Seven characteristics X = (X1, X2,...,X7), X = Xpom + 6.

- Two calibration parameters u = (uy, u).



The road load data 2

» 64 design points in 9-d space for computer model runs.

Mz, t),zeDM te1,....T}, z=(xu).

» 7 field replicates.

{y/!:(X*vt)7r€(17--'a7)}a X" = Xpom+ 6"



The road load data 3




Wavelet representation

» Represent the time history data by wavelets:

w
yMzit) =" wi(zuk(t),  j=1,....64
k=1

w
YEO ) =Y Wi )u(t),  r=1,....7.
k=1

» Apply hard thresholding to reduce the computational
expense.

keep Wy = 289 nonzero coefficients.



Emulators

For each wavelet coefficient,
Iy 1
wi' () ~ GP | pk, —7Corree(-,-) | -
Ak
» Corrg(-,-): power exponential family,

(Corrk(z,z = exp ( Zﬁdk) | 2y — ’d ,aﬁk)) .

» Response Surface:

(wi(2) | Data, fu, Y, &k, B ) ~ N (), Vi(2)) -



Bayesian analysis

» For each wavelet coefficient,

wl(x*) = wM(x*, u*) + bi(x*), i=1,...,W,

wE(x*) =wli(x*)+e, r=1,....f.

» The bias,
bi(x*) ~N (o,@?) or bi(x*)~C (o,T/?) .
Jj: wavelet resolution level .

» The error,
eir ~ N (0, a?) .



Prior distributions

» The Input/Uncertainty Map,

Parameter Type Variability | Uncertainty
Damping;, Calibration Uncertain 15%
Damping, Calibration Uncertain 15%
Stiffnessy Manufacturing | Uncertain 10%
Stiffnesss Manufacturing | Uncertain 10%

Front-rebound Manufacturing | Uncertain 7%
Front-rebound, Manufacturing Uncertain 8%
Sprung-Mass Manufacturing | Uncertain 5%
Unsprung-Mass Manufacturing | Uncertain 12%
Body-Pitch-Inertia | Manufacturing | Uncertain 8%

Calibration: uniform over specified range.
Manufacturing: truncated normals over the ranges.

)
> 77(0,-2) o 1/0,-2, 7T(7'j2 | {0,2}) X Ziige
i T79



Bias under Gaussian assumption (Full Bayes)

w
b(t) = blyi(t),h=1,...,N

Time



Reality under Gaussian assumption (Full Bayes)

R *ht

Ms

y >~ (Wi x )+ B ) (1), h =1, N

I
1N

10




Issue with the Gaussian bias

Confounding between o2 and 2. We consider:
y,-,:/,L,-+b,-+e,-,,i: 1,...,K;r=1,...,r

bi ~N (077'2) eir ~N (0, O',-z) .

» The likelihood is

) Doy G (/) S
i=1 \/m 2 (7'2 —+ 1EO'IZ) 20’,2
» For large K, the bias will be shrunk towards 0.

» Modularization: making inference about the {c2} only from
the replicate observations.



Analysis with Gaussian bias

» Conditional on o2, use Gibbs sampling for the rest
parameters.

» Determine the posteriors for the a;? simply by the replicate
observations.

» The posterior for o2 is

2

iel \7i

X /L(WF,32 | 6%, u*, 0%, 72) d&* du* dr?.



Marginal priors and
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Bias function (under Gaussian bias)

Load
0

Time



Reality (under Gaussian bias)




Analysis with Cauchy bias

Model the bias by robust distribution

m(wP | T/%-)) ~ Cauchy (O,TI%-)) .
» Normal mixture
w(wP | 7y M) ~ N (0,78 /1)) |

A~ Gamma(%, 2).
» Use the regular MCMC.



Bias function (under Cauchy bias)

Load

Time



Reality (under Cauchy bias)
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Multiple computer codes

» Structural input x € X.
» Build an emulator across all codes,
a¥ (x,6,u) ~ GP (uk,aEMCorr,ﬁ/"(-,-)(Corr,’f’z(-,-)) ,
(Corr,’i/"(-,-) : XxX =R,

Corry2(-,-): DM x DM R,



Eigen-basis representation

» Represent the functional data by &« (t) = >, bkiVi(t)
(Ramsay, 1997),

o
> wM(v, s, u)vi(t) = ) ay (v, 8, u)é(t)
k=1

i€l
p

> wh(v,5) Z (v, 0)&k(1)
i€l k=1
» To obtain &x(t), we have

N~"W'Wby = piby .

» Emulators for {a}(v, 8, u)}.
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Result

Interpolate the bias/reality into new settings.




Dynamic Linear models

Simulated Computer Model Outputs
T T T T
\‘,Nww‘ honmmspimdspm s e M.\\w.a‘«»nw'-\=¢-«\w.w~ mwmmwwhw‘w\‘f
0.65 vt "“\'\“‘””\"“(‘W"\W‘”‘ /‘,/\/»,\W"W\h\)ww“‘\l‘/«A\\”W-w\fg,‘\w,/LAWWM\‘V/WU\WN"\«.».-\ MJ«)—W‘W‘\, LW‘M
|
J
0.55-‘-\y)m««/i)\'\WN\)‘!‘WMMV;%\M“M',"\,MA«V%‘ Al e Y (ot e "\'{T-\_W\;WH”IH‘;\(UM
0.45 en A, M/‘W\“WNM/'M'\V'L /,\wvmf,\u,\n., ,\MV“NWM.Nm\,'\p‘m«fﬁv«w\v Ao A e Wk At Mhmm
J \ A ool
5 ./m,m‘% v V"’”""’\"W’”r‘;’m BN A M) ‘1"*V\‘V""W“"“'““|M
s haraniy A i \,.W w P iyl i g o ‘vW.‘,‘W«WWw“"},"ﬂ"‘r"(‘r’\
0.5 ‘«Ta«hm-wy «\M" bt M I iy
|
i 1 1 1 1
o 500 1000 1500 2000 2500 3000




» Model the computer model run at z by multivariate TVAR
(West and Harrison, 1997),

)
Mz t)=> eyt )+ e(2),
GP(0, o2Corr(-, -)).

» Interpolator with forecasting capability.

» Computation is done by Forward filtering backward
sampling algorithm.

» Predict at untried input z = 0.5.



Result

I I i
1140 1160 1200

250 L I I I I L L L I
2700 2720 2740 2760 2780 2800 2820 2840 2860 2880 2900



Outline

Concepts

Computer model validation
Problems

The methodology

Basis representation
Bayesian Analysis
The case study example

The road load data
The analysis

Analysis with Gaussian bias

Analysis with Cauchy bias
Extensions

Multiple computer codes
Dynamic Linear models

Summary and On-going work

«0O0>» «F)>r « =

<

DA



Summary

» We developed various Bayesian functional data analysis
approaches to computer model validation.

» The approaches automatically take into account model
discrepancy and model calibration.

» Unknown (field) inputs can be incorporated.

» Bias functions are modeled using hierarchical structures
when needed.



On-going work : Spatio-Temporal Outputs

Latitude

Latitude

Figure: Regional Air Quality forecAST (RAQAST) Over the U.S. (S.
Guillas et al., 2006



» The model,
yF(s,0%t) = yM(s, 8%, u*; t) + b(s, 8% 1) + € .

- s: location (configuration).
- u: calibration parameters.
- 6: meteorology.

- t: time.

» Spatial interpolation,
.yM(Sa 67 u; t) = Z ak(sa 67 u)wk(t) .

kek
» Forecasting,

b(s,d;t) = qut/ (5,8, t—j)+ €P(s,0).



On-going work: Time-dependent parameters

» Time-dependent parameters (Reichert, 2006)

yvi =yMF + ¢7) +of + ¢, 97 ~ Stochastic process,
—_—
it
'@+ o) = y(2") + vy (2") et .

» Build emulators for yM(zF) and VyM(zF).



Thank you!
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