A Systematic Multi-Scale Framework
for Meteorological Modelling I:

Dry Basics
Rupert Klein

Mathematik & Informatik, Freie Universitat Berlin
Data & Computation, Potsdam Institut for Climate Impact Research

Multi-Scale Interactions in a GCM-Grid Box, NCAR, October 31 — November 4, 2005



Ann Almgren (Lawrence Berkeley Lab.)

Julian Hunt (Univ. College London)
Andrew Majda (Courant Institute)
Eileen Mikusky (PIK)

Nicola Botta (PIK)

Gunter Carqué (FUB)

Antony Owinoh (FUB / PIK)

Stefan Vater (FUB / PIK)

Thanks to ...



Motivation
Unified approach via formal asymptotics
Anelastic limits

Mesoscale—convective interaction



10 km / 20 min

60 B TR o
Trsds=— / T : A
H

LW ki 04
1000 km / 2 days
_30-
—60 1 Winter (DJF)
| S .
180 -120 -60 0 60 120 180

10000 km / 1 season

Scales in the Atmosphere



ur+u-Vu+wu, + Vo = S,
wi+u-Vw+ww, +m, = -0 +8,
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Anelastic Boussinesque Model

10 km / 20 min

(- +u" - V)g=0

(0)
) RURN B APE)
q=C +Qoﬁ77+p(o)az (d(-)/dze )
(0 —v2 03 gl) = _ag D w0~ Ly v
4

Quasi-geostrophic theory|

1000 km / 2 days

0Qr

P =
ot +V T St
oQ
a—t{]+V~Fq:Sq

[I_,, H,
Q;:/wd:v F,»:/ﬂ(qur(@’HD‘) dz, (’?E{TJI})

T =Tt x)+T(t,x) <min(:. Hy) — z,) s q = qs(t, ) exp (7473,)

H,
P = psCXp (—7) s

U= U+ U,

vz [T
P =p.oxp (—#) + polt, @) + gp. / id:’
0

fok xu,==Vop  u,=aVpy

V. Petoukhov et al., CLIMBER-2 ..., Climate Dynamics, 16, (2000)

EMIC - equations (CLIMBER-2)

10000 km / 1 season

Scales in the Atmosphere




Three-dimensional compressible flow equations

Pt + V- (pv) = 0

(pv)y + V- (prov)+Vp+Qxpv =85, —pgk

(pe)r + V- (v|pe+pl) = S
(pY)): + V- (pY;v) = Sy,
1 N
(pe) = - + 5/)’02 +p> QY

How are various reduced models related to this system ?

The “Truth”
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Desirables

e Allways start from 3D compressible flow equations

e Asymptotic parameters independent of specific scales

e Scale selection motivated by small parameters
(not vice versa)

Unified approach via formal asymptotics



Key ingredients
a =6-10° m

QO = 107% 1/s

1. ldentification of

e uniformly valid system scales g = 9481 m/S2

e non-dimensional parameters Do = 10° ke /msQ

e distinguished limits Oref =  1.25 kg/m3
Upef = 10 m/s

2. Specializations of a multiple scales ansatz

Unified approach via formal asymptotics



Key ingredients

1. ldentification of

e uniformly valid system scales
e non-dimensional parameters

e distinguished limits

2. Specializations of a multiple scales ansatz
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Unified approach via formal asymptotics



An alternative route
1. ldentification of

e uniformly valid system scales
e non-dimensional parameters

e distinguished limits

2. Specializations of a multiple scales ansatz

Unified approach via formal asymptotics
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Limit solutions for £, — 0 are path-dependent!!

Distinguished Limits




Distinguished Limits



Key ingredients

Cref
= 0O(1
o (1)
1. Identification of
Uy
e uniformly valid system scales Cref
¢ non-dimensional parameters a )’ 3
P 06
g
e distinguished limits
(e = 0)

2. Specializations of a multiple scales ansatz

Unified approach via formal asymptotics



Key ingredients
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Unified approach via formal asymptotics



Key ingredients
1. Identification of

e uniformly valid system scales
e non-dimensional parameters

e distinguished limits

2. Specializations of a multiple scales ansatz

U(x, z,te) = Z g U(i)(:c, ex, e, ... 2, e2,6°%,... 1 et et, .. )
?

Unified approach via formal asymptotics



Ul = U@(t, x, ) Anelastic & pseudo-incompressible models

Ul = gl (t,ex, 2) Linear large scale internal gravity waves
Ul = U@(é, T, g) Linear small scale internal gravity waves
Ul = U@)(ezt, ez, z) Mid-latitude Quasi-Geostrophic Flow

Ul = U<i>(€2t, e°x, 2) Equatorial Weak Temperature Gradients

Ul = U(i)(ezt, g ! 5(52:13), 2) Semi-geostrophic flow

Ul = U<i>(€3t, e, €2y, 2) Equatorial Kelvin, Yanai & Rossby Waves

Recovered classical reduced models



Multiple Scales Asymptotics

Numerics in Conservation Form



Realistic estimate:

0.9)
D =

Interacting length scales:

10...70...500...3500... km

Interacting time scales:

3...20min...3 h...1day...1week

Remarks



ej+dy+y=cos(t) y0)=2y(0)=0

Distinguished limit: € ~ ¢ (0 =Kke as e —0)

0=005,k=1 0=001,k=1 0 =0.0025,k =1

Linear Oscillator



Slow time expansion:

y(t:e) =y O +eyVt) + ... 05
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Linear Oscillator / single-scale expansions
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Multiple time scale expansion: ost |
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Multi-scale regime / multiple scales expansions



Realistic estimate:

0.9)
D =

Interacting length scales:

10...70...500...3500... km

Interacting time scales:

3...20min...3 h...1day...1week

Remarks
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Regimes:

1. Inkompressible flow ( no gravity )
2. Ogura-Phillips-Anelastic flow (0=1+¢"6")
3. Buoyancy-controlled flow ( 0=0g(2)+e'0" )
4. Realistic stratification (0=1+¢e’Oz(2) +£'0" )

Anelastic limits



Regime 1: Incompressible flow

Leading order result:

p= Py +e'p
Consequences:
pe = % + 54'0;2 R 7[)—001 (e — 0)
(pe)t + V - ([pe + plv) =0 — V-0 =0
pr+ V- (pv) =0 — PIREHICN vl
(pv); + V- (pvowv) + éVp =0 — (,Ofv)g()) +V-(prov)? +Vp' =0

Anelastic limits



Regime 2: Ogura-Phillips anelastic flow (/= 1 + ¢*’)

Leading order results:

p=Py(z) +e'p p=Ro(z)+e'p Ry(2) = Py(2)Y"

Consequences:
2
P
pe = % + 64% + pgz — yoizi + Ro(2)gz (e — 0)
) gl
(pe) + V- ([pe + plv) =0 — V| v Ry(2) | ——=(2)+gz| | =0
v — 1Ry
o+ V- (pv) =0 5 V. (U(O)Ro(z)> — 0
Fortunately
P
[#ﬁ; + gz | = const.

Anelastic limits



Regime 2: Ogura-Phillips anelastic flow (0 =1+ 10"

Consequences (cont'd):

1
(00)i+V - (poov)+—(Vptpg) =0 — ()" +V-(pwow)” +(Vp'+p) =0

Anelastic limits



Regime 3: Buoyancy-controlled anelastic flow (9 = ©¢(z) +&*6’)

Leading order results:

p="Pyz)+e'p  p=Ro(z)+e'p  Ro(2) = Py(2)""/Op(2)

Consequences:

2 P
pe = —— 4 4 pgr o 0(2)
v —1 2 v —1

(pe)i+V - (lpe+plv)=0  — V. <v<0>R0(z> %%(2)#-92 ) =0
pr+V - (pv) =0 — v (v<0>Ro(z)> _ 0

Unfortunately

P
[L—O +gz| = P(z) £const. = V| wl® =0, and w® =0

v — 1Ry

Anelastic limits



Regime 3: Buoyancy-controlled anelastic flow (9 = ©¢(z) +£*6’)

Consequences (cont'd):

|
(0)i+V - (poov)+ (Vprpg) =0 = (p0) +V-(pwow)" +(Vp'+p) =0

Anelastic limits



Regime 4: Realistic stratification (9 = 1 + £°O5(2) + £*6’)

Leading order results:

p=Py(2) + *Po(2) + 'p’ p = Ry(2)+ e*Ry(2) + *p’ Ro(2) = Py(2)

d P 1P
d—;: —Ryg Ry = Ry <——2—@2>

Consequences (leading order):

P,
(pe): + V- ([pe + plv) =0 o V- [ vV Ry(2) L—O(z) +gz| | =0
v — 1Ry
e+ V- (pv) =0 - V. (U(O)Ro(z)> 0
Fortunately again
P,
[77_1}32 + gz | = const.

Anelastic limits



Regime 4: Realistic stratification (9 = 1 + £°O5(2) + £*6’)

Consequences (second order):

R
AV (fu(?) 7’7_01> + V. (U(O) [fy i . Py(2) + gz Ry(2)

vV (v<2> Ro) + V- (v<O>RQ(Z)) —

) — g2

By elimination of v'*):

S - WTG

Anelastic limits
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PG, 1. Conceptual model af a multice!! squall line with waskag statiform precipitation. The storm is viewed
im 2 cross ssotion perpendscular to the convective Bne {adapted from Houze et al. 1989).

(from: Pandya & Durran (1996))

Motivation and Background
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Mesoscale dynamics

u;+ Ve = —0 o
: “\doy/dz |

—dO, -

o+ w2 = 3
t+w dZ 0
o.n =0,

,00V€ -u+ 0, (IOOW) = 0.

Convective scale dynamics

Anelastic* for near-moist adiabatic stratification

WTG otherwise

* .
essentially

1
Sy

Mesoscale—Convective interactions





