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Full equations:

3D Rotating Navier-Stokes Equations

∂t
~U + (~U · ∇)~U − ν4~U + Ω~e3 × ~U = −∇p + ~F , ∇ · ~U = 0,

~U(t, x)|t=0 = ~U(0, x) = ~U(0)

Fourier series expansions for velocity fields,

~U =
∑
n

exp(i(n1x1/a1+n2x2/a2+n3x3/a3))~Un =
∑
n

exp(i ň ·x)~Un

ň = (n1/a1, n2/a2, n3/a3),

a1, a2 and a3 are the aspect ratios of space periods.
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Change of variables:

Set
~U = exp(−ΩPJPt)~u = E (−Ωt)~u

P is the projection operator on the space of divergence free vector
fields, and J is the rotation matrix.

J =

 0 −1 0
1 0 0
0 0 0


Ek(Ωt) = exp(ΩPJPt)k = cos(ξkΩt)I +

1

|ǩ|
sin(ξkΩt)Rk ,

ξk = ǩ3/|ǩ|,

Rk =

 0 −ǩ3 ǩ2

ǩ3 0 −ǩ1

−ǩ2 ǩ1 0

 ,Pk = I− 1

|ǩ|2

 ǩ2
1 ǩ1ǩ2 ǩ1ǩ3

ǩ2ǩ1 ǩ2
2 ǩ2ǩ3

ǩ3ǩ1 ǩ3ǩ2 ǩ2
3


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Simplified equations:


∂t~u = ~B(Ωt, ~u, ~u)− νA~u + exp(ΩSt)~F

~B(Ωt, ~u, ~u) = exp(ΩSt)P{exp(−ΩSt)~u × curl(exp(−ΩSt)~u)}

A = −P∆, S = PJP.

∂t~un =
∑

k+m=n

~Bn(Ωt, ~uk , ~um)− ν|ň|2~un + En(Ωt)~Fn

~Bn(Ωt, ~uk , ~um) = i
∑

k+m=n

PnEn(Ωt)(Ek(−Ωt)~uk×(m̌×Em(−Ωt)~um))
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Decomposition:

~B(Ωt, ~u, ~u) = ~B0(~u, ~u) + ~B+(Ωt, ~u, ~u)

~B0(~u, ~u) contains all resonant(Ωt-independent) terms,

~B+(Ωt, ~u, ~u) contains all non-resonant (Ωt-dependent) terms.

~Bn(Ωt, ~u, ~u)

=
∑

j ,k+m=n,Dj (k,m,n)= or 6=0

exp(iΩtDj(k,m, n))~Qkmn,j(~uk , ~um)

~Qkmn,j(~uk , ~um) is a bilinear form in ~uk , ~um, and

|~Qkmn,j(~uk , ~um)| ≤ CB+ |m̌||~uk ||~um|.
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Resonant, Non-resonant, Near-resonant

Dj = ±ξk ± ξm ± ξn, n = k + m, j = 1, ..., 8.

ξk = ǩ3/|ǩ|,

Dj = 0, Dj 6= 0, Dj ≤ ε.
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Babin, Mahalov and Nicolaenko’s results:

∂t ~w + νA~w = ~B0(~w , ~w) + E (Ωt)~F

~w |t=0 = ~U(0).

Let T (MσF , ν, a1, a2, a3) be the local(small) existence time for the
solution ~U,

‖~u−~w‖α ≤ C0R
α+2C1(R)C2(Mσ)/Ω+C3M

2
σRα+1−σ+C4MσRα−σ,

∀t ∈ [0,Tσ]
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Assume

sup
t

∫ T+1

T
‖~F‖2σ−1dt ≤ M2

σF ,

‖~u‖σ ≤ Mσ(MσF , ν, a1, a2, a3), on [0,Tσ]

then
‖~u − πR~u‖α ≤ MσRα−σ

πR~u is the projection of ~u onto the Fourier modes with |ň| ≤ R.

1

|Dj(k,m, n|)
≤ C1(R), when |ǩ|, |m̌|, |ň| ≤ R.
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C1(R) ∼ R12

P(~k, ~m,~n) = a4
3|ǩ|4|m̌|4|ň|4 · D1 · D2 · D3 · D4

= a4
3|ǩ|4|m̌|4|ň|4·

(ξk + ξm + ξn)(ξk − ξm + ξn)(−ξn + ξm + ξk)(−ξn − ξm + ξk)

= (k2
3 |m̌|2|ň|2 + m2

3|ǩ|2|ň|2 − n2
3|ǩ|2|m̌|2)2 − 4k2

3m2
3|ǩ|2|m̌|2|ň|4

P(~k, ~m,~n) is a polynomial of (~k, ~m,~n), so P has fixed number
zeros. Since (~k, ~m,~n) are integer vectors, there exist a C0 > 0 such
that

P(~k, ~m,~n) ≥ C , ∀~k, ~m,~n ∈ Z 3
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Since
|ξk | = |ǩ3|/|ǩ| ≤ 1,

so
|Dj | ≤ 3.

When |ǩ|, |m̌|, |ň| ≤ R,

C ≤ P(~k, ~m,~n) ≤ a4
3R

1233|Dj |, ∀j = 1, 2, 3, 4,

1

|Dj |
≤ a4

3R
1233/C ≡ CR12.
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Near-Resonant Approximation:

∂t ~wε + νA~wε = ~Bε(Ωt, ~wε, ~wε) + E (Ωt)~F

~wε|t=0 = ~U(0).

~Bε
n(Ωt, ~u, ~u) =

∑
j ,k+m=n,Dj (k,m,n)≤ε

exp(iΩtDj(k,m, n))~Qkmn,j(~uk , ~um)
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‖~u − ~wε‖α ≤
C0R

α+2C2(Mσ)

max{ε,R−12}Ω
+ C3M

2
σRα+1−σ + C4MσRα−σ,

∀t ∈ [0,Tσ]

For a long time interval,

Ω → +∞.
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Recent work:

The vertical equation:

ε
Dw

Dt
= −∂p

∂z
− ρ′g

ρ0
.

0 ≤ ε ≤ 1

Hydrostatic ↔ Boussinesq

Dispersion relationship, eigenvectors, energy conservation,
potential vorticity conservation...
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