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Full equations:

3D Rotating Navier-Stokes Equations

0.0+ (U-VYU—-vAU+Q&xU = —Vp+F, V-U=0,

—

U(t,x)|t=0 = U(0,x) = U(0)

Fourier series expansions for velocity fields,

U= Zexp(i(nlxl/al+n2x2/a2+n3X3/a3))U = Z exp(ih‘x)ljn

n n

h=(n/ai, n/a>,n3/az),

a1, a» and as are the aspect ratios of space periods.
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Change of variables:

Set

—

U = exp(—QPJPt)d = E(—Qt)u

P is the projection operator on the space of divergence free vector
fields, and J is the rotation matrix.

0 -1 0

J=11 0 O

0 0 O

1
Ex(Q2t) = exp(QQPJPt), = cos(&2t)] + m sin(&,Q2t) Ry,
é.k = 1?3/“;'7

0 ks K LR ke ks
R, = /?3 0 —/\21 , P = /—\,—2 /\22/‘21 /?22 /?2/;3
ke k0 KE\ Kk Kk k2
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Simplified equations:

Ol = B(Qt, G, 1) — vAQl + exp(QSt)F
B(Qt, 1, i) = exp(QSt)P{exp(—QSt)ii x curl(exp(—QSt)d)}
A=—PA, S=PJP.

ai.“ﬁn - Z én(Qt7 ﬁkaﬁm)_y‘h‘zﬁn+En(Qt)ﬁn
k+m=n

Bn(Qt, ik, lim) =i Y PnEn(Qt)(Ei(—Qt) T x (M Ep(—Qt)lim))
k+m=n
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B(Qt, i, 0) = B%(d, i) + BY(Qt, 4, i)
B°(i, ) contains all resonant(Qt-independent) terms,

B*(Qt, 1, ii) contains all non-resonant (Qt-dependent) terms.

—

B(Qt, i, i)

_ 3 exp(iQtD;(k, m, n)) Qmnj (Tk, Gm)
Jyk+m=n,Dj(k,m,n)= or #0

Qkmn,j(Uk, Um) is a bilinear form in Gy, Uy, and

| k(G Gim)| < Cap ||| Gim-
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Resonant, Non-resonant, Near-resonant

Dj::lszﬂ:fmj:fn, n=k+m, j=1..8.
Sk = /;3/’1\;'7
D=0, D;#0, Dj<e
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Babin, Mahalov and Nicolaenko’s results:

oW + vAW = Bo(W, w) + E(Qt)F
W|e—o = U(0).

Let T(M,fF,v, a1, a2, a3) be the local(small) existence time for the
solution U,

|G—W|o < R C(R)G(M,) /4 C3M2RO =9 4 CuM, R,

vVt € [0, T,]
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Assume
T2 2
sup /T |FI2_ydt < M2,

Hm‘a < MO'(MO'F7V7 ai, 327‘93)7 on [07 TO']
then
i — 7rilla < MyRY™C

mRU is the projection of U onto the Fourier modes with || < R.

1

- < G(R h k|, ||, 8] < R.
]Dj(k,m,n|) —Cl( )7 when | ’7’m|7|n|—
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C1(R) ~ R*?
P(k,m, i) = a3|k|*|m|*|A* - Dy - Dy - D3 - Dy
= ag|k[*|m]*(n|*-
(gk + gm + fn)(fk - gm + fn)(_gn + gm + gk)(_fn - gm + gk)
= (K312 [R[> + m3|k R[> — n3|k[|m[?)? — 4k3m3|k|?|m[?|n|*

P(k,m, ) is a polynomial of (k, @, /i), so P has fixed number
zeros. Since (E, m, ii) are integer vectors, there exist a Cp > 0 such
that

P(k,m,7) > C, Vk,m,ie Z3
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Since
&kl = |kl /K] <1,

so
|D;| < 3.

When [k|, ], 5] < R,
C < P(k,m, i) < asR?33|Dj|, Vj=1,2,3,4,

1
W < a§R1233/C = CR12.
J
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Near-Resonant Approximation:

OeWe + VAW, = BE(Qt, W, W) + E(Qt)F
We|t=0 = U(0).

Bi(Qt, 1, 0) = > exp(i2tD;j(k, m, 1)) Qmn,j (T, iim)
j»k-l-m:n,Dj(k,m,n)Se
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CoRYT2Cy(M,)

2 +1—0 —0
max{e, R~12}Q + GMR® + CGaMo R,

”Ei— We”a <

vVt e [0, T,]

For a long time interval,

Q — 4o0.
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The vertical equation:

Hydrostatic <  Boussinesq

Dispersion relationship, eigenvectors, energy conservation,
potential vorticity conservation...
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