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Introdu
tionDerivation of Redu
ed ModelModeling the Redu
ed EquationsSummary Motivation and Ba
kgroundHydrodynami
sMRIA

retion is a Fundamental Astrophysi
al Pro
essA

retion is the pro
ess by whi
h a massive obje
t 
olle
tssurrounding matter by gravitation. A

retion disks are observed inmany astrophysi
al pro
esses (binary star systems, 
enter ofgalaxies).Keplerian balan
e in mom.eqn.
Ω2 = GM/r3Angular momentum transportneeded! Ben Jamroz Redu
ed Modeling of the MRI



Introdu
tionDerivation of Redu
ed ModelModeling the Redu
ed EquationsSummary Motivation and Ba
kgroundHydrodynami
sMRIGeometryAstrophysi
al Disks: Di�erential RotationKeplerian balan
e: Ω2 = GMr3Laboratory: Taylor-Couette GeometryImposed Ω(r1),Ω(r2)Shearing Sheet - Simpli�ed Geometry
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Introdu
tionDerivation of Redu
ed ModelModeling the Redu
ed EquationsSummary Motivation and Ba
kgroundHydrodynami
sMRIKeplerian Disks are Hydrodynami
ally StableLinear stability for the astrophysi
al regimeRayleigh stable ddr (r2Ω) < 0Finite amplitude disturban
e 
an 
ause instabilityTurbulent mixing - Does it produ
e the needed angularmomentum transport?
νturb large (�eddy�) vis
osityExperiments - Hydrodynami
 turbulen
e 
annot transportangular momentum e�e
tively in astrophysi
al disks (Ji et. al.Nature 2006) Ben Jamroz Redu
ed Modeling of the MRI



Introdu
tionDerivation of Redu
ed ModelModeling the Redu
ed EquationsSummary Motivation and Ba
kgroundHydrodynami
sMRIMagnetorotational InstabilityShear instability in the presen
e of magneti
 �eldsFirst dis
overed by Velikhov (1959) and Chandrasekhar (1960)Redis
overed by Balbus and Hawley (1991)MRI generates the level of angular momentum transfer neededOperates in the Rayleigh stable regime ddr (r2Ω) < 0Axisymmetri
Linear instability
Ben Jamroz Redu
ed Modeling of the MRI



Introdu
tionDerivation of Redu
ed ModelModeling the Redu
ed EquationsSummary Motivation and Ba
kgroundHydrodynami
sMRIMagnetorotational Instability
Balbus & Hawley's original simulation of the MRIContour plot of angular momentum perturbations (r , z)Transfer of angular momentumLarge verti
al gradient of the ��ngering instability� motivatess
alings Ben Jamroz Redu
ed Modeling of the MRI



Introdu
tionDerivation of Redu
ed ModelModeling the Redu
ed EquationsSummary Motivation and Ba
kgroundHydrodynami
sMRIPrevious WorkBalbus and Hawley (1991)E�
ient transfer of angular momentumDidn't in
lude dissipative pro
esses - vis
ous or ohmi
No SaturationSano et. al. (1998)First to show saturation of this instabilityCompressible �owResistivity and vis
osity in
ludedCriti
al parameter, Elsasser number Λ = v2A/Ωη
Λ > 1 Saturation
Λ < 1 No saturationGoodman and Xu (1994)Nonaxisymmetri
 perturbations 
an saturateLathrop groupFirst experimental observation of MRI (Sisan et. al. 2004)Ben Jamroz Redu
ed Modeling of the MRI



Introdu
tionDerivation of Redu
ed ModelModeling the Redu
ed EquationsSummary FormulationShearing SheetRedu
ed ModelFull EquationsConservation of MomentumDuDt + 2Ω × u = −1
ρ
∇p − 12µ0ρ∇|B|2 +

1
µ0ρB · ∇B + ν∇2u,Indu
tion Equation DBDt = B · ∇u + η∇2BIn
ompressibility, Solenoidal Condition

∇ · u = 0,∇ · B = 0Ben Jamroz Redu
ed Modeling of the MRI



Introdu
tionDerivation of Redu
ed ModelModeling the Redu
ed EquationsSummary FormulationShearing SheetRedu
ed ModelRedu
ed ModelingAstrophysi
al Regime - Large Parameters
ν ≪ 1, η ≪ 1Re = UL

ν
, Rm = UL

η
≫ 1Several di�erent time s
ales:Rotational time s
ale Ω−1Alfven time s
ale L/v2ADi�usive time s
ale L2/ν, L2/η

Ω−1 ≪ L/vA ≪ L2/ν, L2/ηTo rea
h saturation we must integrate far in timeBen Jamroz Redu
ed Modeling of the MRI



Introdu
tionDerivation of Redu
ed ModelModeling the Redu
ed EquationsSummary FormulationShearing SheetRedu
ed ModelShearing SheetShearing sheet approximation at r∗ with lo
al angular velo
ity
Ω∗(r∗)ẑLo
al Cartesian 
oordinates (r , φ, z) ∼ (x , y , z)Straight 
hannel:
−L∗/2 ≤ x∗ ≤ L∗/2,−∞ < y∗ <∞,−∞ < z∗ <∞Linear Shear: U∗0 = (0, σ∗x∗, 0)Constant Ba
kground Magneti
 �eld: B∗0 = (0,B∗tor ,B∗pol )
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Introdu
tionDerivation of Redu
ed ModelModeling the Redu
ed EquationsSummary FormulationShearing SheetRedu
ed ModelFormulation of the Model Problem
Non-dimensionalizevA = B∗pol/√µ0ρ∗U∗, Ω, ν, η are the dimensionless Alfvenspeed, rotation rate, kinemati
 vis
osity and ohmi
 di�usivity
∇ · u = 0 , ∇ · b = 0, axisymmetry allow the use of a streamfun
tion and �ux funtionu = (−ψz , v , ψx),b = (−φz , b, φx)

Ben Jamroz Redu
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Introdu
tionDerivation of Redu
ed ModelModeling the Redu
ed EquationsSummary FormulationShearing SheetRedu
ed ModelNondimensionalized EquationsAxisymmetri
 perturbations of the formu = (u, v ,w) = (−ψz , v , ψx ), b = (−φz , b, φx) give the followingequations
∇2ψt + 2Ωvz + J(ψ,∇2ψ) = v2A∇2φz + v2AJ(φ,∇2φ) + ν∇4ψ.vt − (2Ω + σ)ψz + J(ψ, v) = v2Abz + v2AJ(φ, b) + ν∇2v ,

φt + J(ψ, φ) = ψz + η∇2φ,bt + J(ψ, b) = vz − σφz + J(φ, v) + η∇2bHere, J(f , g) = fxgz − fzgx .Ben Jamroz Redu
ed Modeling of the MRI



Introdu
tionDerivation of Redu
ed ModelModeling the Redu
ed EquationsSummary FormulationShearing SheetRedu
ed ModelS
aling AssumptionsTraditional approa
h to nonlinear saturation: weakly nonlinear theorywith (Λ − Λ
)/Λ
 ≪ 1.Our approa
h: strongly nonlinear theoryShear is the dominant sour
e of the energy for the MRIrapid rotation, strong shear: (Ω, σ) = δ−1(Ω̂, σ̂)MRI itself requires the presen
e of a (weaker) verti
al magneti
 �eldmagneti
 �eld: vA ∼ 1, v∗A ≡ B∗pol/√µ0ρ∗U∗Dissipative e�e
ts are weaker still but 
annot be ignored sin
e they areultimately responsible for the saturation of the instabilityweak dissipative pro
esses: (ν, η) = ǫ(ν̂, η̂)Take ǫ ∼ δ ≪ 1, Λ = O(1) (Case A) or ǫ ≪ δ ≪ 1, Λ ≫ 1 (Case B)Rm = |σ∗|L∗2/η∗, Pm = ν∗/η∗, S = v∗AL∗/η∗so Rm ≫ S ≫ max(1,Pm), while Λ = O(1)Ben Jamroz Redu
ed Modeling of the MRI



Introdu
tionDerivation of Redu
ed ModelModeling the Redu
ed EquationsSummary FormulationShearing SheetRedu
ed ModelMultiple S
ales ExpansionMotivated by Balbus & HawleyLarge wavenumber in z - large variation
∂z = ǫ−1∂zHave large gradients in x dire
tionFast dynami
 time s
ale, slow evolution to a statisti
allysteady state
∂t = ǫ−1∂t + ∂TSet ǫ by 
onsidering the size of our domainLz wavelength of fastest growing mode - LinearDispersionLX ∼ ǫ−1Lz Ben Jamroz Redu
ed Modeling of the MRI



Introdu
tionDerivation of Redu
ed ModelModeling the Redu
ed EquationsSummary FormulationShearing SheetRedu
ed ModelAsymptoti
 ExpansionTo solve the s
aled equations we expand every variable
ψ(x ,X , z , t,T ) =

∑i ,j ǫ i2 δ j2ψij(x ,X , z , t,T ) + . . . ,Dedu
tion: Leading order azimuthal �elds v00, b00 representlarge-s
ale adjustment to ba
kground shear and toroidal �elddue to MRISeparate all variables into their mean and �u
tuating
omponents
ψij (x ,X , z , t,T ) = ψij (X ,T ) + ψ′ij (x ,X , z , t,T )

ψij (X ,T ) ≡ limτ,V→∞

1
τV ∫

τ,V ψij (x ,X , z , t,T )dxdzdtWe now 
olle
t terms at ea
h order in the evolution equationsBen Jamroz Redu
ed Modeling of the MRI



Introdu
tionDerivation of Redu
ed ModelModeling the Redu
ed EquationsSummary FormulationShearing SheetRedu
ed ModelRedu
ed Flu
tuating EquationsAt O(ǫ
−12 δ−12 )

∇
2
ψ′00t + 2bΩv ′11z +

“ ǫ
δ

” 12 Jx (ψ′00,∇2
ψ′00) = v2A∇2

φ′00z + (1)v2A “ ǫ
δ

” 12 Jx (φ′00,∇2
φ′00) +

“ ǫ
δ

”
bν∇4

ψ′00,v ′11t − “2bΩ + bσ + ∂X v00”
∂zψ′00 +

“ ǫ
δ

” 12 Jx (ψ′00, v ′00) = (2)v2A „b′11z − ∂X b00φ′00z +
“ ǫ
δ

” 12 Jx (φ′00, b′00)«
+

“ ǫ
δ

”
bν∇2v ′11,

φ′00t +
“ ǫ
δ

” 12 Jx (ψ′00, φ′00) = ψ′00z +
“ ǫ
δ

”
bη∇2

φ′00, (3)b′11t − ∂X b00ψ′00z +
“ ǫ
δ

” 12 Jx (ψ′00 , b′11) = v ′11z − (bσ + ∂X v00)φ′00z + (4)
“ ǫ
δ

” 12 Jx (φ′00, v ′11),+ “ ǫ
δ

”
bη∇2b′11.Ben Jamroz Redu
ed Modeling of the MRI



Introdu
tionDerivation of Redu
ed ModelModeling the Redu
ed EquationsSummary FormulationShearing SheetRedu
ed ModelFeedba
k onto the ShearFor both sets of s
alings (ǫ≪ δ & ǫ ∼ δ) there is feedba
konto the imposed shearReadjustment of the lo
al ba
kground state(σ̂ + ∂X v00) termsTends towards solid body rotation, |σ̂ + ∂X v00| < |σ̂|Angular momentum must have been transportedAt O(ǫδ) we 
lose this system and get relations for ∂X v00 and
∂Xb00

ν̂∂X v00 = −ψ00zv11 + v2Aφ00zb11
η̂∂Xb00 = −ψ00zb11 + φ00zv11

∂Xb00 is the O(1) 
orre
tion to the ba
kground toroidal �eldBtor Ben Jamroz Redu
ed Modeling of the MRI



Introdu
tionDerivation of Redu
ed ModelModeling the Redu
ed EquationsSummary FormulationShearing SheetRedu
ed ModelSingle Mode Theory
Goodman and Xu (1994) & Julien and Knoblo
h (2006)Solutions
ψ′00 = eλt 
os(nz)ψ̂′00, v ′11 = eλt sin(nz)v̂ ′11, φ00 =eλt sin(nz)φ̂′00, b11 = eλt 
os(nz)b̂11No variation in xNonlinear ODE → evolves to saturationDoes not work for a 
ombination of su
h modes
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Introdu
tionDerivation of Redu
ed ModelModeling the Redu
ed EquationsSummary Large Elsasser Regime
O(1) Elsasser RegimeModeling the Redu
ed EquationsNumeri
al MethodTime integration: Runge-Kutta s
heme (Spalart et. al. 1991)di�usion terms treated impli
itlyall other expli
itlySpe
tralPeriodi
 boundary 
onditions in zRigid (no slip), Stress Free, or Periodi
 in x

Ben Jamroz Redu
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Introdu
tionDerivation of Redu
ed ModelModeling the Redu
ed EquationsSummary Large Elsasser Regime
O(1) Elsasser RegimeCase B: ǫ ≪ δ ≪ 1, Λ ≫ 1Nonlinear and dissipative terms are subdominantUnbounded algebrai
 growth at leading orderSaturation of v00De
aying and growing terms → steady produ
tNo quadrati
 nonlinearities - energy transferred throughmodi�
ation of the dispersion relation
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Introdu
tionDerivation of Redu
ed ModelModeling the Redu
ed EquationsSummary Large Elsasser Regime
O(1) Elsasser RegimeCase A: ǫ ∼ δ, Λ = O(1)Single Mode results

Good agreement with linear theory for a robust set ofboundary 
onditionsIn parti
ular the saturated value of ∂X v00 mat
hes the theoryCan be of use in a parameterization modelBen Jamroz Redu
ed Modeling of the MRI



Introdu
tionDerivation of Redu
ed ModelModeling the Redu
ed EquationsSummary Large Elsasser Regime
O(1) Elsasser RegimeCase A: Channel Initial Condition

φ′00 Gaussian in x , verti
al magneti
 �eld linesSmall random perturbation in ψ′00v ′11 = b′11 = 0Criti
al wavenumber growsSaturated state takes up the largest allowed s
ale in z(
oarsening)
Ben Jamroz Redu
ed Modeling of the MRI



Introdu
tionDerivation of Redu
ed ModelModeling the Redu
ed EquationsSummary Large Elsasser Regime
O(1) Elsasser RegimeCoarseningBegin from a random state with a �xed box length in zFastest growing linear mode dominates early evolutionFlow 
oarsens to �ll 
omputational domainThe saturated value of ∂X v 00 mat
hes the single mode theoryfor a mode with 
orresponding verti
al wavenumberSuggest using a parameterization model for large s
alesimulationsComparison with Case B
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Introdu
tionDerivation of Redu
ed ModelModeling the Redu
ed EquationsSummarySummary & Future WorkDerived redu
ed asymptoti
 models for the saturation of theMRIFound a ba
k rea
tion on the imposed shear whi
h allows forsaturationNumeri
al resultsFuture WorkParameterization modelNon-axisymmetri
Non-axisymmetri
 saturationDynamo → saturationBen Jamroz Redu
ed Modeling of the MRI
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