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Motivation

Gravity Current Simulation

Mixing and entrainment in gravity curténts transform
source waters into deep and intermediate waters

Carried by large scale ocean currénts O(10-100 km).

Dynamical scales of mixing.instabilities are small
compared to oceanic scales: SGS needed to model
mixing.

Parameterization peed to be validated against observation
and DNS-type simufation.

increase modeled Re or increase size of computational
domain to follow evolution of gravity current.

Process-oriented studies in idealized channels
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Gravity Current Simulationé\
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e Currently a ZD@del built on Boussinesqg NS equations in
a¢—qfor ion

e A salt-lj cer evolves according to an advection
diffusi quation, and provides buoyancy forcing.



The Model
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Model Highlights

e ( — 1 equations discretized using spectral elements.
e Dual paths h-p convergence rates~for smooth solutions
o Excellent scalability on parallel-eomputers
¢ Phase fidelity and no numegtical dissipation.

e Poisson equation solved'using substructing and PCG on
the Schur complement.
e Tracer equation diScretized with spectral element DGM.
o Discontinuptig’interpolation & local mass matrices.
o Well-suitedto advection-dominated flows.
o Upwindflux bias controls Gibbs oscillations
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The Model Estimating DG-induced mixing Boutique solver
Gravity Current Simulation at R = 5@000
Impact of varying inlet current heighQ~
?§ steady
O
\\ varying

&
QQ*

0.4 1.2

0.6 0.8 1

Grid: 30&50 elements of degree 8 with refinement near bottom

Conclusion
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Transport in Density Classes R = 5@000

Impact of varying inlet current heighQ~
&
\k_?‘
O
N
s’[eady$?/6 varying

e Densest w@n ixed in both cases
e In stea se most transport is in 0.4-0.6 class
e In tir@ rying case transport is in 0.2-0.4 class
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Questions é\
&
&

e Can DG deliver reliable estinzaO mixing?
Convergence analysis \!

e Can we increase domain\size while keeping cost low
and/or high scalablli&
Improve iterative @

0@
C)

Conclusion
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Estimating Implicit Mixing in DG sg@on
e How much of the mixing is spuriou erical)

e Sequence of CG/DG solutions fy convergence

e R, =2,000, P, = 7.
e R, = 10,000, P, = 7. @

e Metrics for judging solution
e monotonicity opr

min[@c.?: 0)] < p(X,t) < max[p(X,t = 0)]
o density. /ées
e Ener dget

OO
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Energy Equation for Closed insulatedsP0main

d ¢z Vp]
— EdA) = - = dA 1
at </A ) /A[H«fr ReP, F? W
_ _G-u pz
p(z—2z)  pz

e z,: vertical position-after adiabatic p-redistribution
e E,: Background potential energy

responds only to diabatic processes

e E,: Available potential energy
respaends to reversible adiabatic processes only.
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Re | Kix K, xN DG-Time || CG-timg
2,000 | 020 x 04 x 06 30.00 30460,
2,000 | 025 x 05 x 06 16.00
2,000 | 030 x 06 x 06 16.00
2,000 | 040 x 08 x 06 80.00 7.32
2,000 | 040 x 08 x 07 80:00
2,000 | 040 x 08 x 08 8000
2,000 | 040 x 08 x 09 80.00
2,000 | 040 x 08 x 09 80.00
2,000 | 080 x 16 x 06 82.00 95.00
2,000 | 080 x 16 «.0F 80.00
2,000 | 080 x_16 x 08 80.00
2,000 | 080¢%.16"x 09 80.00
2,000 | 160 »82 x 06 80.00 80.00
2,000 {\160"x 32 x 06 104.00
2,000 4160 x 32 x 07 80.00
2;000 *| 160 x 32 x 08 80.00
2,000 | 160 x 32 x 09 80.50
2,000 | 320 x 64 x 06 97.00
2,000 | 320 x 64 x 07 80.40 31.10
2,000 | 320 x 64 x 08 80.00 26.00
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R. | DG/CG Ky x Ky x N Time
10,000 DG 040 x 08 x 06 | @rashed
10,000 DG 080 x 16 x 06 4.00

10,000 DG 160 x 32 x 06 80.00

10,000 DGc 040 x 08 %06 | Crashed

10,000 DGr 040 x Q8-x*09 10.14

10,000 DGr 082 &8 x 06 80.00

10,000 DGr 082 % 18 x 07 80.00

10,000 DGr 082 x 18 x 08 21.36

10,000 DGr 082 x 18 x 09 33.86

10,000 PGr 162 x 34 x 06 80.00

10,000 DGr 400 x 81 x 09 80.00

10,000 CG 320 x 64 x 06 97.00

10,000 CGr 400 x 81 x 08 80.00

Fable: table of experiments for R, = 10,000




Motivation The Model Estimating DG-induced mixing Boutique solver Conclusion

0000 0000@0000000000 000000
000000000
max= 0.1850E+01  pgpgity K=1280, npts=6, time 452
min=-0.2829E+00 contour from 1.02 by .08

2 0.06 0.14 0.22 0.30 0.38 0.46 0.62 0.70 0.78 0.86 0.94 1.02

max= 0.1003E+01 " pepgipy, K=20480, npts=6, time=  4.52
min=-0.2093E-02 contour from —.02 to 1.02 by .08

—0.02 0.06 \),22 0.30 0.38 046 0.54 062 0.70 0.78 0.B6 0.94 1.02

F'e@ h-refinement DG density fields for Re=2,000
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max= 0.2181E+01 P, Re=10,000, DG B2x18x09 E
< =

min=—0.5625E+00

ontour from

—25

—50

|
—0.08 0.06 0.13 0.21 0.29 0.37 0.45 0.61 0.69 0.77 0.85 0.93 1.01

max= 0.1021E+01 p. Re=10%00, DG 400x81xQ9
min=—0.4086E—01 contour from —.03 to 1.01 by .08

I I
—0.03, 0.05, 0.18 0.21 0.2% 0.37 0.45 0.53 0.61 0.6 0.77 0.85 0.83 1.01

Fi ¢ h-refinement DG density fields for Re=10,000
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Out of range metric, Re = 2, O&Q}

10 T T

f—— DG040x0¢
——— DG080x1§
—— DG160x37
—— DG320x64
- - -~ CG040x0g
-~ -~ CGO80x1§
- - - CG160x37
- - - CG320x64

Out of range density fraction (%)

Figure: Out of ra density fraction PDF for various CG and DG
partitions at . The CG has a larger out of range fraction then
DG for allcases except for the initial phase of the high resolution
simulation With 320 x 64 partition.
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Out of range metric, R = 10, OQ‘Q\

Conclusion
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Density Classes comparison at t=80,@g§ 2,000
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ﬁg@a: density PDF for the various runs for N = 5.
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Errors in water mass pdf at t=20, Reb?\}t), 000
X
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Figure: Errors in pdf relative to CG reference
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Energy history of reference simulation R%\: 2,000

<

2.5 T T T T A S
2k

for reference CG discretization at N = 5.

<

Figure: Ene@stor
O
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Figure: Egalgy error histories for various DG discretization at N = 5.
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Figure: Egalgy error histories for various CG discretization at N = 5.

TE error(%)

PE error(%)

BPE error(%)




Motivation The Model Estimating DG-induced mixing Boutique solver Conclusion
0000 0000000000000 e0 000000
000000000

Energy errors for Re = 10, ooe\k\
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Figure: Egrby errors normalized by TE of reference solution for a
density DGM solution using 162 x 34 elements.
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Motivation

Conclusion for mixing é\

?\
Y,
S

e Developed a model for gravi rrent mixing

o DGM discretization help stébllize the model without
excessive dissipation &

e water mass prope%e&impacted more then energy
<&
X
O
@

Conclusion
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lterative Solvers é\
N
&
?\
1. currently substructuring (S omplement)

2. Call standard libraries %{c
3. Tailored solver for cu\l{e geometry

&
QQ*
o
S
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Domain Decomposition into K rect@les

-25

-50

=75
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Boutique solver
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Local Poisson problems

V2 R="— 0k in Q4

WK (x, QK (x, 1) =0

' (X0,2) = v (xk,2) =0
(X, 0) = N (4 32), k=1,2,... K —1
VR (x¢,0) = §+1(xk,z),k:1,2,...,K—1

CRSICRGRC

Equations 7 and 8 express the transmission conditions, namely
the continuity ofthe function and its first derivative, across the

K — 1 interpaloundaries located at x.
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Domain Decomposition:Split Solution wv’@zﬁk +P

Q
V2K = @\Q (©)

P¥(x,0) = ¢"(~z£_ (10)
DK(k-1,2) = xk,z)—o (1)
N

1. Poisson problem

2. Laplace problem

<(/6 V25" = 0in (12)

w"(x -1)=0 (13)

QQ (Xk-1,2) = o 1(2) (14)
Q %k(xk z) = o¥(2) (15)
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Analytical solution to Laplace proQb\n

&
Q
sinh An(xx — xbﬁn Ksinh Ap(X — Xk_1)

6*4;n-rh Anlk

ok sm@gdz
/ &/%\nzdz
; z\xb@w
O

ak1

Sin \pz

<]
=
>
N
I
WE

|
\ﬁ
L 3=




Boutique solver

Constraints on o

uk+1
Xk Xk Xk

sinh Aplk sinh Aplk sinh Anli /s

sinh Aokt An
) 1 {Afﬁ“ (XkS2) = 0K (x4, z)] sin \,z dz

Op =
! [0 sin? Az dz

Ok

ox

o
ox

a@k#"‘
ox

XK

External interfacesequire that o3 = of = 0.

Symmetric tridiagonal system for each vertical mode n;
Redundant parallel solution.

Cut-off n?-depends on gk.

For large X7/x >> 1 the off-diagonal terms asymptote to zero
Diagonal term asymptotes to 2
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Domain Decomposition Algorith@‘
Solve inhomogeneous Poisson pro@for k.

Compute normal flux jump at i al interfaces |:L2§:|
Compute Fourier-sine coeffﬁents: pk=8 [@Zﬁ]

Broadcast ﬁﬁ to all Eg$sors

Solve tridiagonal {)btems on all processors ok = T~ k.

Compute inte solution ok = STak
Solve Ioc%@place problems

OO

Conclusion
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Domain Decomposition Algorith@}

Q&
?\
B

1. Schur complement problem:%k S'T-'s [ﬁ,ﬂ

2. When geometry is not rectangular the above provide for
symmetric preconditi&r&or the Schur complement

problem.
&
X
QO
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Weak scalability analysis é\
&

e
NPROC | _“imle

Ky | K,

64| 8 41610758
96| 8| 6101197
160 | 8| 40 |0.1572
176 | 8| V. 11 0.1707
192 8% 1202339
240 L8 1502116
288,78 18 [ 0.1583

L4

N\
Ta@ealability for 128 elements/processor

OO

Conclusion
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Analytical solution of tridiagonal system-for /x = /

Define Fourier-sine transform along the pactition index:
kY 2 KZ“ Am k
o S . Tkm
< Z ) - R ( A% > Sin T (17)

Orthogonality of the functions sin 7&K

am
ay = i : (18)
2\ [coth Anl — sinh™ A,/ cos %]
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Analytical solution of tridiagonal system-for /x = /

= B:’vn sin Tkm
=020 [coth Al <Lsinh=1 A,/ cos %} K

X/

=

wkm wjm )
sin K sin e j

x

1 4
AnK 1 [coth)\n/—sinh‘ )\n/cos%}

1

‘ﬂ.
3
i

n
ik

where the matrix Bj is the inverse of the tridiagonal matrix.
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Analytical solution of tridiagonal syste@r Ik =1

Q~
10° 10° )

4
10 < é@é
X \
10%° @v 107

A

10 , 10
0 20 ~6C 10° 10
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Boutique solver
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Computation of Fourier-sine coeffieients

0
= 2/ zﬁ’;(xk,z)} sin \pz dz

— ZAze/ [wx xk,a)] sin' A\, (Aze JZH +Ze1> do 3

E N
- Z Z (Ce K 008 \pZe + S sin /\nze> Wﬁ(xk, Zie)}
e—1 i—1

1
A

— Az / Fi(or) sin 27 22"‘“ do

G

1
= Aze/ hi(c) cos )\,,Azzea do
1
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Computation of Fourier-sine coeffieients

N—1
m

hi(o) =Y himPaoY (19)

=0

K LA AnDZeo
Ch = Azemz:oh,-m/_1 Pm(c) sin =~ > ¢ do  (20)

K a, A Zoo
Sy = AZemZ:Oh,-m/_1 Ppm(o) cos =2 >  do (21)

Pn: Legendreypolynomial of degree m.
him: m-th/kegendre spectral coefficient of h;(o)
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Boutique solver

0O0000000e

Inverse Projection:Fourier-sine to Spectral element space

N
u(z) = lpsin\pz = uihi(2)$z9-1 <2< ze
n i=1

The matrix equations for the Fouriericoefficients become

Mu =b (24)

ZF
b = ZC/,,/Z hj(2) sin Az dz (25)
n

0

. 1 - =
= E Un E 5 [Cfn COS AnZe + S, SiNAnZe|  (26)
n e

M is 1D mass
Cr,and S7, are as before
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Solver Development ConclusioQ\\

Q.

?\
O

Validated transformation betwaén.%E and sine-spaces

Developed and tested soIve&

initial scalability tests protising

room for improveme.n{

Compare speciati solver performance to other methods

&
O
@
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