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“minimal complexity”
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(a saddle-node bifurcation)
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minimal complexity model: positive ice-albedo feedback
vs. stabilizing sea ice thermodynamics
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State variable E(t): energy per unit surface area 
(relative to Arctic ocean mixed layer at the freezing point) 

E(t) =

�
−Lihi(t) if E < 0
CsT (t) if E ≥ 0,

(i.e. E ∝ ice thickness hi)
(i.e. E ∝ mixed layer temp. T )

The 0-d model
(after Eisenman & Wettlaufer, PNAS 2009)

Li = latent heat of fusion of ice
Cs = ocean heat capacity per unit surface area
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constants ~E (for E<0, otherwise 0)
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Incoming Solar Radiation: 
Positive Ice Albedo feedbackAlbedo

α(E)

The 0-d model
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Fsolar(t)
Insolation
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Outgoing Long-Wave Radiation (Top of the atmosphere):
Ingredients:          linearized about 273 K (T=0)     “σT 4”

The 0-d model
(after Eisenman & Wettlaufer, PNAS 2009)

“Long-wave cloud feedback” A(E)

Ai = A0 −∆Aghg

Ai
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Sea-ice thermodynamics (E<0) 

Ftop =

�
−k T

hi
if T < 0 (Ftop > 0)

Li
dhT
dt if T = 0 (Ftop ≤ 0)

Ftop = F out
surface − F in

surface

= [A + BT − Fsouth]− [1− α]Fsolar

Ttop = T

TB = 0

−k
T

hi

Fbottom
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A = A0 −∆A

ice albedo feedback only

EW09 results:
the role of sea ice thermodynamics: no summer tipping point?

with sea ice thermodynamics

seasonal ice state 

bifurcation diagrams from Eisenman & Wettlaufer, PNAS 2009
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“cloud feedbacks”: no summer tipping point?

∼ ha ∼ ha

αo

Figures from Abbot, Silber, 
Pierrehumbert 2010 preprint











Some analysis:
determining existence conditions for seasonally ice-free states

dE

dt
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Albedo
α(E)

A(E)

ice ocean ice ocean

Approximation: piecewise constant α(E) and A(E)
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Existence conditions for seasonally ice-free states

dE

dt
= [1− α(E)]Fsolar(t) + Fbottom + Fsouth + vice(E)− [A(E) + BT (E)]

Periodic solutions: fixed points of appropriate Poincaré map 

(t = tm, E = 0)→ (t = tf , E = 0)→ (t = tm + 1, E = 0) . . . ad infinitum
E ≥ 0 E < 0

t = tm t = tf

Po Pi

(P = Pi ◦ Po)

ice-free
phase

ice
ocean

t = 1t = 0
t = tm + 1

ice
phase



Existence conditions for seasonally ice-free states
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Periodic solutions: fixed points of appropriate Poincaré map 
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Po(E = 0; tm, tf , A−∆Ac, αo + ∆αc) = 0

Pi(E = 0; tm, tf , A, αi) = 0

Po

dE

dt
+

BE

Cs
= [1− αo −∆αc]Fsolar(t) + [Fbottom + Fsouth −A + ∆Ac]




