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Overview:

- Preconditioning: Optimized Schwarz tor climate
modeling

- Adaptive mesh refinements (on the sphere)

~* FEfficient time-stepping for AMR and SEM

~* Discontinuous Galerkin for non-hydrostatic modeling




Classical Schwarz

Suppose we need to solve:

Cre——F i) ——btr—g-—on=¢0%

Partition the original domain into 2
domains:

Tt in 2y, B G
Bl = om0y B ——g  ondi
e = Sty U= —on 1o




The Robin method

Lions (1990)

Used to accelerate convergence of Schwarz

Free positive parameter: how to find its correct value?

: 0,
Blh 5 = puf - az;l on 0€2; N O for [ € N(

kH—u on 0€); N Of)

;)




Optimized approach

~& [nspired by the Robin problem:

(n — A)ul™ in €4, (== in o,
(8 —|—Sl) n—|—1 (8x+51)u§ on I'ys, (8 —I—SQ) n—l—l (5’x+52)u7f' on I'sy.

We are looking for the best possible forms of in Fourier space

Proceeding as before leads to the solutions: (or(k) = F(S,))

T v Ul(k)—\/k2+77 —M(m L)y ~i=1 N e ‘72(1‘5)""\/]‘324'"7 —Mm n 1
4t (z, k) = 01(k:)+\/m iy~ (L, k), a3 (z, k) = 02(1{;)_\/@ (0, k)

New convergence rate:

1

Popt = Popt(k, 1, L) = b n0o2(k) + sz —2\/k2+?7L
= = o1 (k) —I—\/k2+77c72k k2




Optimized Schwarz: algebraic results

~& SGT 2006: show how to modity existing Schwarz

algorithm to yield optimized versions
¢ The augmented or “enhanced” system is rediscovered

~& Spectral elements are natural candidates:

~& QOverlapping grids are cumbersome to construct
¢ Block preconditioning costly: FDM when possible

~¢ QOptimal preconditioner 1s known (SD Kim 2006)

~ Ql- based problem costly to invert does not
scale: use MG or other solver to invert




Creating the augmented system
from a weak form

Consider:

wit — Awi T = Gj(a, y)

St 9,
pwf+1+gle:pwf+a;Ull on 9; N O for I € N ()
j j

wf“ = wp on 0f); N Of)

To be solved for all k on any €2, : 1t converges (Lions 1990).
Weak form:

a J
/Qj ¢jwf+1+/§2j Vé; - Vui ™ —/8Q < - ) / ;G
Where test functions are 1n:

H'(Qn) = {v € L*(Q)|vlq € H'(Q) VQ € Qn}
Decomposition: Qn = U;{l;




Creating the augmented system
from a weak form

Deﬁne: aj(wfﬂ, ng) = /Qj quw;?‘H (e /Qj V¢] . vw;ﬁ—l
fil#) = | 4Gy

k+1 dw =
e /F%(anﬂ)

lEN(Qj) gl

[eads to: a;(with, ;) — Ti(with, ¢;) = fi(¢y)




Creating the augmented system
from a weak form

Deﬁne: aj(wfﬂ,gbj) E/ quw;ﬁ‘l_'_/ V¢] .vw;ﬁ—l
Q; Q;
fil#) = | 4Gy

k+1 dw =
e /F%(anﬂ)

lEN(Qj) Ji

[eads to: a;(with, ;) — Ti(with, ¢;) = fi(¢y)

Remains to introduce the artificial
transmission condition...




Creating the augmented system
from a weak form

~& The normal derivative can be written 1in terms of the

original bilinear operator (Toselli, Widlund 2005)

~* Avoids the difficult duality pairing for functions on
the edges of the subdomains

Ti(wi ™, ¢;) = /Q_,,- Vé; - Vi + /Qj &; Ay
- [ V- - Bt = £i(95)
= a;(wit, ¢;) — f;(¢y)

Where we pick ¢; € H'(69;)




Creating the augmented system
from a weak form

Boundary condition 1s:

e ey s

leN(Q;)

= > ([ postof — b =Tl 44lr,)}

leNQ)

= / powtl 4 3 {/ poswf — Ty(wk, 65lr,.)}

leN(Q;)

where a sum on neighbors appears.
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Creating the augmented system

from a weak form

Boundary condition 1s:

Tilwi™ é) = > Ti(wi*, dilry,)

leN(Q;)

= 5 ([ posluf —ub) - Tluf, o)
leEN(Q;)

- [ pout™ / poswf — Ty(wk, 65lr,.)}

leN(Q

where a sum on neighbors appears.

Leads to the form required by the algorithm

a;(w "?+1,¢J ‘|‘/ p(b]wkﬂ—f](cbj) Z fl(¢llsz)
= Z az(wz7¢l|rﬂ /p¢lwz

lEN(Q;) leN(Q;) Lji
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Creating the augmented system
from a weak form

™ 6)+ [ pouf = fie) + T i)

leN ()

= Z a wl ¢l|F /P¢lwz

leEN(Q5) leN(Q

After (any) :
’fL—I— f]_l_z kuk, ,..,J
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Creating the augmented system

from a weak form

aj(wf+1>¢j)+/ﬁp¢jwk+'| =fi#)+ > fildir,)

leN ()

After (any)

=eo il dilr,,) /P¢lwz
leN

leEN(Q5)

mzf

n‘l_]. f] _|_Z kuk’ ,..,J
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Creating the augmented system
from a weak form

aj(wf+1>¢j)+/ﬂ,29¢jwf+l =liles) + > fildilry)

leN ()

=N SO p ) /P¢lwz
leN

lEN(Q;)

After (any) 1
’fL‘|‘ f] —|—Z k'u]{?? ,..,J




Creating the augmented system
from a weak form

™ 6)+ [ pouf = fie) + T i)

leN ()

— > a(wy, élr,) /p¢zwz
leN

leEN(Q5)

After (any) : \

f]—|—z kuk, ,..,J

11



Creating the augmented system
from a weak form

™ 6)+ [ pouf = fie) + T i)

leN ()

— > a(wy, élr,) /P¢lwz

leEN(Q5) leN(Q

After (any)
A= — fJ+ZBjkuk, j=1,.J

Possible to create augmented system!
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Creating the augmented system
from a weak form

™ 6)+ [ pouf = fie) + T i)

leN ()

— > a(wy, élr,) /P¢lwz

leEN(Q5) leN(Q

After (any)
A= — fJ+ZBjkuk, j=1,.J

Possible to create augmented system!

Not mentioned: difficulties at corners
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Creating the augmented system
from a weak form

™ 6)+ [ pouf = fie) + T i)

leN ()

— > a(wy, élr,) / po1w;
leEN(Q5) leN(Q
After (any)
—|—1
TL f] _I_ Z kul{?’ , <o J

Possible to create augmented system!

Not mentioned: difficulties at corners

Not mentioned: “under” integration for SEM
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SEM simple problem

LA =) Gander 2006
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160 |- —+—T00 - -7
AN ——TO02 - -
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// "‘ \;\ ;“ o gl(z:szsical Schwarz -
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SEM simple problem

10 — ‘ ‘ ‘ ‘ ———

7 /O
I -—0O- Block Jacobi e i

7
-+ Classical Schwarz - - -
7

| —*—(002) - 1

-6 - H3/4 . - /‘/ .

7 ./‘

GMRES iterations

Total number of elements
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SEM simple problem

-— - Block Jacobi
I Classical Schwarz
107 7
—k— (002)
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Total number of elements
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Primitive equations

d
Momentum: d—Z—I—kaV—I—VCI)—FRTVlnp:O
, 1 TR
Thermodynamic: SR 0

Continuity: % (g_§>+v.<vg_§>+%<ﬁg_§>zo

HOMME: high order multiscale modeling environment

15



Primitive equations: Sl

89  RT dp

Hydrostatic assumption: 2= ‘
on p O

[inearization (barotropic state): 77 = 300K, p’ = 1000hPa
Semi-Implicit:

=

Tk
Add zero: Cil_)t( =MX)+LX —LX =N(X)-LX
Xk 1 = =i 1 +1 =
N e S e e e M Rl e BT B )
2At % %
Xn—i—l _Xn—l

1 “rpe . - s
2At = M(X") — SAulX Time ditftusion

16



PE: vertical structure matrix

Results of hydrostatic assumption
and vertical coordinate choice:  p(n,ps) = Am)po + B(n)ps

A= JRIRI T e R
= A AN A= B =N AN Y

Solve tor each k: Backsub:
i R e e G R el
V? - B e
( At2)\k>(k\ g P PN T
. 7o = ArpD
Series of 2D Helmholtz ===

Barotropic eigenmodes of atmosphere

17



PE: vertical structure matrix

Results of hydrostatic assumption
and vertical coordinate choice:  p(n,ps) = Am)po + B(n)ps

A =RH'T+ RT"P,« Diagonalize
G" — At?AV’G" = B — AtAV -V

Solve tor each k: Backsub:
i R e e G R el
V? - B e
( At2)\k>(k\ g P PN T
. 7o = ArpD
Series of 2D Helmholtz ===

Barotropic eigenmodes of atmosphere
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Cubed sphere

~& FEquiangular projection

~® Sadourny (72), Rancic
(96), Ronchi (96)

~& Most models moving
towards this approach

& SFC: Dennis 2003

Metric tensor

= 1 1 + tan? z1 —tan z; tan zo
SR ricos2x, | —tanzitanzy 1+ tan®xz, :

Rewrite div and vorticity

0 : ou
. [ —— ] — .. —J
g v V. 833] ( g w )7 g C E’Lj axz -
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&

Metric tensor

gij =
7 pdcos2 14 co

Rewrite div and vorticity

Cubed sphere

Equangular projection

Sadourny (72), Rancic
(96), Ronchi (96)

Most models moving
towards this approach

SFC: Dennis 2003

1 1 + tan? z1 —tan z; tan zo
| R R e e 1 + tan? z- :

0 : ou
. - — ] — .. —'j
g v V. 833] ( g w )7 g C E’Lj axz -
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Held-Suarez numerical
experiment: with moisture

Galewski, Sobel and Held 2004
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16

10

Convergence per mode

= Diagonal

B Opt Schwarz

Optimized algorithm: no maxing out

Communication cost identical

Twice the cost of CG per iteration
3
Diagonal O(IN) while OS 1s O(N )

Best strategy: use OS on first few
barotropic modes and diagonal
elsewhere

No coarse solver needed: because of
time dependance

20



Diagonal preconditioning
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Iterations
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New approach

B Diagonal [ Opt Schwarz

20
15

10




New approach

B Diagonal [ Opt Schwarz

20
15

10

| Tt S e B St S
—>

OAS




New approach

20

15

10

B Diagonal [ Opt Schwarz

e ey oo Foat s oo et (el

> <€ >

OAS Diagonal
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900

600

300

MFLOPS per CPU

Large scale runs

Parallel Scalability

=—:156km L26, 384 elements
=—:40km L50, 6144 elements
=====:20km L70, 24576 elements
= 10km L100, 98304 elements

10 100 1000 10000
NCPU

Max 5TF
W. Spotz and M. Taylor: Sandia National Labs
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S1 vs Exp: Red Storm

51 Rate / Exp Rate

Acceleration Factor

 eee Ne=128, h~10km

seee Ne=8, h~156km
Ne=16, h~80km
Ne=32, h~40km
Ne=64, h~20km

7 4 8 16 32 64 128 256
Number of Processors

W. Spotz : Sandia National Labs
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S1 vs Exp: Blue gene

ne=32, 40km




S1 vs Exp: Blue gene

T T T T T T T I,
2000 = - = |deal speedup .
—%¥— Explicit virtual node mode ’

—H8— Semi-implicit virtual node mode (002) ’ ‘ _
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ne=32, 40km




Adaptive Mesh

Refinements




Conformmg SEM

o—o—o A,
Q O O fk
Uk

[inear problem associated with
elliptic problem discretized with

SEM Au = f
AL — blOCk{Al, AQ, Ag, A4}

v QM Apup = v Q' My f
QR Apur = QQ ML fL

28



Conformmg SEM

@ [ .4.
@ © @ @
414 42 ¢
o O O O

Linear problem associlated with

elliptic problem discretized with

SEM

Au=f

AL — blOCk{Al, AQ, Ag, A4}

vl Au = v QT A Qu=v1 QT M;Qf =v! f

e G Arur=v QM

Q"

Arur = QQ' My fr

=

Direct stiffness summation: represents boolean operations

28



Nonconforming SEM .

Fischer, Kruse and Loth 2002

Boolean matrix () is redefined as =1 LQ

DSS 1s conceptually the same:

vl Au = T (QT I AL (JrQ)u = v QT AL Qu.

29



SEM vs FVM

N

Ll F

F T

Wby

4

]

Standard test suite 1s employed
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Cosine bell advection

Alpha = 0
FV SEM
Resolution I l2 =2 h(m) max/min || Resolution I lo s h(m) max/min
2.5 0.0341 | 0.0301 | 0.0317 949.1/0 2.5 0.0503 | 0.0269 | 0.0195 991.6/-15.1
1.25 0.0097 | 0.0103 | 0.0150 984.2/0 1.25 0.0085 | 0.0056 | 0.0057 997.5/-4.2
0.625 0.0016 | 0.0021 | 0.0044 995.0/0 0.625 0.0019 | 0.0014 | 0.0019 999.1/-1.1
0.3125 0.0003 | 0.0005 | 0.0014 998.4/0 0.3125 0.0008 | 0.0006 | 0.0015 999.7/-0.9

~& For alpha ditterent than 0 : FV has undershoots

~& (Conservation of mass breaks monotonicity

31
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f) FV Day 6
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0
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45 1
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270°
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SWTCI 45 degrees

a) SEM

0.0020 bt
0.0016 -
0.0012 -

0.0008 -

Normalized error norms

0.0004

0.020 4
0.016 -
0.012 1

0.008

Normalized error norms

0.004 -




Latitude

\O
=

D
=

o8
@)

Normalized 1,(h)

o~
St
1 I 1 - 1 1

60

Normalized 1,(h)

a) SEM

— 2.5° x 2.5° uniform

-+ static ref. (180°E, 45°N)
== static ref. (135°E, 30°N)

b) FV

Q0010

0.0008
0.0006
0.0004 -

0.0002 -

] = 2.5°x 2.5° uniform

-+ static ref. (180°E, 45°N)
== static ref. (135°E, 30°N)

1 + Tolstykh (2.5%), JCP 2002
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SEM

Latitude
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L e aaa—— |
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0.005
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| B S S s S N e R[S Ryt S| S S, S, RO, SO R R
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0.005 4 = = 0.625° x 0.625° uniform %

0.004

0.003

-o= adaptive grid, 3 ref. levels (0.625°) /*
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SWTCbH




SWTCbH




SWTCo

a) SEM

oy N
— SEM uniform 3.2° x 3.2°

—o= SEM 3.2°, static refinement
«++ SEM uniform 2.5° x 2.5°

-0« SEM 2.5° static refinement

= = FV uniform 2.5° x 2.5°

=o= FV 2.5°, static refinement

288

144 192 240
Hours

96

48

0.008
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(=]
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Time-stepping




OIFS+AMR

Goal: SEM based AMR for primitive equations

Oliger and Sundstrom show 1ll posedness for any kind

of boundary conditions

Cannot use local time stepping: Berger Oliger (84)

Semi-implicit semi-Lagrangian approach? (Robert 81)
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OIFS+AMR

Goal: SEM based AMR for primitive equations

Oliger and Sundstrom show 1ll posedness for any kind
of boundary conditions

Cannot use local time stepping: Berger Oliger (84)

Semi-implicit semi-Lagrangian approach? (Robert 81)

SISL is rather inethcient on modern computers

Attempts were made by Berhens: shmem only (96)
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SISLL

dp(X,t) 09

— Fu- Vo = f(o(X, 1))

~& Material derivative (hide advective term)

~& Spatial position 1s now a tunction of time 1n the
Lagrangian frame

Characteristc. 0 =

equation: dt

u(X,t)

At

P Saat 7(u(X”, e e R S e e e
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SISLL




SISLL




SISLL




Operator integrating factor splitting
& Maday, Patera, Ronquist (90): OIFS.

&

el
Interpolation K [V 2

T e e

O e
Purely Eulerian: regular communication patterns
Nonlinear OIFS: St-Cyr and Thomas (05)

Euler (MC2): Girard, Thomas and St-Cyr (07)
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Operator integrating factor splitting
& Maday, Patera, Ronquist (90): OIFS.

&

el
Interpolation K [V 2

T e e

O e

Purely Fulerian: regular communication patterns

Nonlinear OIFS: St-Cyr and Thomas (05)

Euler (MC2): Girard, Thomas and St-Cyr (07)
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Operator integrating factor splitting

(AN
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Operator integrating factor splitting

LAY

46



Operator integrating factor splitting

(AN




Operator integrating factor splitting

(AN




Operator integrating factor splitting

OD.

(A

resulting from SEM discretization (MOL)

dzgf) s Sl R e e (]

with 1nitial condition %(0) = ug

Problem: find integrating factor, Q% (t)such thatQ% (¢t*) = I,

—Qs( ) u= Q% (t) - F(uw).
To find the action of Q% (¢) solve:

dit e
ds =

49



Nonlinear OIFS

St-Cyr and Thomas (2005) sub-step

oV

foie 8 e e k e

68+§ aE V( V) 0
o d e
%—Fv-(@v) )

with initial conditions v(x,t" %) = v(x, t""9),
®(x,t"=9) = &(x, 17 9).
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Nonlinear OIFS

Integration factor applied to the SWE’s
vl = [Pk v VD
dtQS () e Qs (t) D '\
Backward Differentiation Formula (BDF-2):
Terms responsible for

WAV N S MV — Vo

2At
on — 4fn-1 4 Gn-2 \
. = — —(I)() V . Vn

VAN Coriolis inverted

Non-symmetric due to implicit Coriolis: CGS.
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Implicit/Explicit

R




Implicit/Explicit




Implicit/Explicit




Implicit/Explicit




Implicit/Explicit




Implicit/Explicit




Implicit/Explicit




Implicit/Explicit




dt=120s

e

4900500051005200530054005500560057005800590060006100

I
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dt=360s

e

4900500051005200530054005500560057005800590060006100

I
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dt=720s

e

4900500051005200530054005500560057005800590060006100

I
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dt=120s

e

4900500051005200530054005500560057005800590060006100

I
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Total number of elements

Total number of elements

1600

1400

1200

1000

800

600

400

200

120 secs
360 secs
720 secs

20

40

60

80
Adaptation cycle

100

120

140

160
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1 error

Comparison with reference solution from NCAR pseudo spectral

0.0014

0.0012

0.001

0.0008

0.0006

0.0004

0.0002

120 secs
360 secs
720 secs

Time in hours

400
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1 error

Comparison with reference solution from NCAR pseudo spectral

0.0014

0.0012

0.001

0.0008

0.0006

0.0004

0.0002

ialconcand Eerrethir 98— O(Atk |

120 secls
B60ESECS e =
T e o e ok

400

Time in hours
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Discontinuous Galerkin

Conservation law:
us + V- Flu) = S(u)
Weak form:

E/gohuhdﬂ = /gphS(uh) dQ—I— /]:(uh) ; VQOth — /gphf-ﬁds
Qp Qg Qp 02

Numerical flux:

Plufuy) = 5 [(Flui) + Flup) -7~ ofuf —up)]
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SSP Runge-Kutta with extended

linear stability region

dUy,

=
dt h(Un)

ul® = o7

i—1
u'® = Z Qe Atﬁikl}(u(k)), =
k=0

e — ik

Higueras 2004, JSC
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Compressible Euler:

=0 pu o O (00 VL6
=R G
UU WU U®
F = (U7 I p7 s )T
p =7
Uw Ww  We
G == (W 9 | P —)T
=0 p
S(U) = (0,0,—gp,0)"
RO
p=po(—)"

Po
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Warm bubble (Robert 93)
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To use or not to use HOMs?

&

Low order: 2nd or 3rd
Very dissipative
Large dispersion error

Oscillation control: grid
point level

[imiters - not - cache
efficient

CFL: dt = O(dx)

Costly halos...

&

&

Spectrally accurate
No dissipation

No dispersion error:
with filtering

Oscillation control:
questionable

Matrix-Matrix
tensor operations:

cache friendly

Halos are minimal
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